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Abstract

The Tableau WorkBench

Theorem provers have now matured dramatically. On one Haghly optimized and specific
theorem provers likd-act [Horrocks and Patel-Schneider 1998] MSPASYHustadt and
Schmidt 2000], can test formulae with hundreds of symbotkiwa few seconds while provers
like the LWB[Heuerding 1996] implement many different logics in a sengiamework. On
the other hand, theorem provers liksabelle  [Paulson 1993] implement generic logical
frameworks that are mainly tailored to interactive reasgni Despite the great effort made
to design intuitive user interfaces, researchers that arelgninterested in mechanizing their
favourite logic often find these tools too complex to modifyto program. For example,
the LWBaddresses these issues by implementing a large (but fixead)aruof logics and by
giving access to them through user interfaces that are easyet and readily available from
the web. However, this not viable when experimenting withv tegics that have not already
been implemented in tHeWWBby expert programmers.

The Tableaux Work BenchfWB is a generic framework for building automated theorem
provers for arbitrary logics without learning complex pragpming languages. ThBNBcon-
sists of a small core that defines its general architectoragsextra the machinery required to
specify tableau-based theorem provers and an abstraatigndge for expressing new tableau
rules. New logic modules are defined via the user interfacktlzen translated and compiled
with the proof engine to produce a specialized theorem priovehat logic.

The TWBtargets a potentially broad audience: first fi@Bcan be used by those who
are interested in experimenting with new logical calcult tno do not have the technical
skills to modify existing theorem provers. Second, h&Bcan be used as an aid to teach
automated reasoning where the emphasis is on automatedtidedomethods rather than on
programming techniques. Lastly, th®/Bcan be used by expert users to build custom theorem
provers particularly tailored to specific applications@compare optimisations techniques.

The main design criteria we adopted in the implementaticthe@TWBare generality, user
friendliness and modularity. ThEWBcore defines only a very generic infrastructure which
can be easily adapted to implement different deduction austh It also offers a high level
specification language to make it accessible to non-progrers who can re-use their pen-
and-paper specifications with minor modifications to impeirtheir favourite logics. Lastly,
the TWBIs built using a modular architecture and is composed of ak&iosely coupled
libraries that can be individually replaced without compising the soundness of the system.



Contributions of this Thesis

The main contribution of this thesis is to present a new tto, TWB designed to aid re-
searchers to quickly experiment with new logics and for mexperienced users to design
complex decision procedures or to compare different ogéition techniques. Despite the ex-
istence of different specialized theorem provers, to thst dleour knowledge, there is no other
tool with similar characteristics to thEWB We believe that the approach we have taken in
designing theTWB where users have the ability to quickly prototype an immatation for
their calculus, can be of great help to the scientific comtyuparticularly for researchers
with great expertise in logic but little background in autded reasoning.

We also give a one-pass decision procedure for the unifiectbiag time logidJ B that ex-
tends the work in [Schwendimann 1998] oL T L. The logicUB is the easiest temporal logic
with a branching semantics. In the literature, to the bestunfknowledge, there are no one-
pass algorithms for this logic. Developing such an algaritias many different advantages
from an automated reasoning perspective. First, the #fgoris based on a straightforward
depth-first search. This characteristic enables the reatoralways consider one branch at a
time, opening up the possibility of a parallel implemertati Second, by exploring one branch
at a time, the amount of memory required, in the average e@adye less than other algo-
rithms based on two passes where the entire result of thelsearst be kept in memory before
starting the second pass. Most importantly, that this eggraan easily be extended to other
fix-point logics such a€TL, LCK, PDL and possibly, t&€ T L* and the modali-calculus.

Overview of the dissertation

This dissertation is organized in three parts.

Part | consists of Chapters 1 and 2. In Chapter 1 we give a imtiefduction to tableau
methods for automated deduction, modal logic and functiand monadic programming. In
Chapter 2 we review the major results in the literature afigtpoint logics.

Part Il consists of Chapters 4 to 8, in which we present théegaix Work BenchTWB,

a generic framework designed to implement tableau-bastumated theorem provers. In
Chapter 4 we give our motivations to develop thé/Band we outline a number of issues
related to the design of generic theorem provers based daltleau method. In Chapter 5 we
give a detailed description of tiaVBdesign. In Chapter 6 we present {fié/Bsyntax to define
tableau provers from a user perspective. In Chapter 7, vessgi@mples of calculi implemented
with the TWBand experimental results. Finally, in Chapter 8, we preaetamparison with
other well known theorem provers and we outline possibler&utevelopments of tHEWB

Part Ill consists of Chapter 3 in which we propose a singkespableau calculus for branch-
ing time logicU B. We give a proof sketch of soundness and completeness.
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Chapter 1

Background

In this chapter, in Section 1.1 we give an overview of theopgaving using tableau methods,
in Section 1.2 we introduce calculi for classical propaesitil logic (CPL) and in Section 1.3
we present tableau calculi for the normal modal logi¢c& T and$A4. In Section 1.4 we give an
overview of functional programming and monadic prograngras it is relevant to understand
the intricacies of th&WBpresented in Chapter 5.

1.1 Tableau Methods for Automated Deduction

The tableau method is a convenient formalism for automageldiction that has many variants
and exists for many logics [M D’Agostino and D Gabbay and Riklé and J Posegga et al.
1999]. It can be seen as a refutation procedure that dec@wgogiven set of formulae into a
network of sets each representing a possible world in thelkérsemantics for the chosen logic
[Kripke 1959]. The tableau method gives us a purely syntangthod of determining whether
or not some given formulg is valid in logicL or to determine whethaf is a (possibly global)
logical consequence of a set of formulae

More specifically, a tableau calculus consists of a finitéectibn of rules with each rule
telling us how to break down one logical connective into aagtituent parts. The rules typi-
cally are expressed in terms of finite sets of formulae, aljhathere are logics for which we
must use more complicated data structures like multi-setists. If there is such a rule for
every logical connective then the procedure will evenjuedturn a set which consists only
of atomic formulae and their negations (or go into cycles)iclv cannot be broken down any
further. To keep track of this process, the nodes of a taliteali are set out in the form of a
tree and the branches of this tree are created and assessegstematic way. Usually, such a
systematic method for searching this tree gives rise togarighm for performing deduction.
By running a tableau procedure for an initial set of formuldee set is then recognized as
satisfiable or unsatisfiable with respect to the semanti¢keofogic in question. This is not
always the case for some temporal logics where checkingfigdtility requires a second pass
to model-check the initial pseudo model generated by tHedalprocedure in the first pass.

A tableau rule with nam¢p) is composed of a numerator and a list of denominators. In
the literature, tableau rules are often written as:

n

G

3
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wheren is the numerator, whild; ...dy, is a list of denominators. Each tableau rule contains
one or more distinguished formulae called rincipal formulaand one or more formulae
calledside formulae In the following we use the lettes, B,C,P,Q,--- to denote principal
formulae andX,Y,Z--- for sets of side formulae. Each rule is usually named usiegmhin
connective of the principal formula (not shown in the exaghpRA detailed analysis of tableau
methods from an automated reasoning prospective will béedaput in Chapter 4.

1.2 Classical Propositional Logic

Definition 1.2.1. Let AP be a non-empty set of propositional variables and conskdecon-
nectivesA, vV and— and the constant$ (true) and L (false. Then the language of classical
propositional logic is defined using the BNF grammar below:

p = polpr|p2]-
¢ = plL|T|=¢|d1Vd2| 1N

Definition 1.2.2. A CPL-modelM is associated with a valuation functivht AP — {0, 1} that
assigns to each atome AP a value in{0, 1}.

Definition 1.2.3. Let M be CPL-model and its valuation function. Then the satisfaction
relationM F ¢ of a formula¢ in M is defined as follows:

ME piff pe APandV(p) =1
ME—¢ iff ME ¢

ME¢VYIf MEgOrME Y
ME ¢ AWiff ME ¢ andM E

Definition 1.2.4. We say that a formula is satisfiableif there is aCPL-modelM for ¢ where
M E ¢. We say that a formula is valid (a tautology) if—¢ is not satisfiable.

For example, the formulpa — q is satisfiable irCPL, while the formulap — ¢ is valid in
CPL. Given aCPL-formula ¢, the negation normal forrmtf) of ¢ is an a formulag’ where
implications are replaced by their definitions, negatioress@shed down to atoms using De
Morgan’s laws and double negations are eliminated. It id kredwn that everyCPL-formula
has a logically equivalent formula i f.

Figure 1.1 shows the tableau rules for CPL. Given a fornguia nnf, the tableau pro-
cedure for CPL gives us a method of determining whethés valid. The tableau procedure
tests if the se{—¢ } is satisfiable irCPL. If this is not the case, thep must be valid. In the
following we assume familiarity with classical proposital logic.

1.3 Basic Normal Modal Logics

Basic normal modal logics are extensions of classical sitipoal logic. As well as having
the usual apparatus of classical propositional logic, mimdgcs are also equipped with two
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A;—A: X AAB:; X AVB:; X
1
(L) 1 (A) A;B; X (v) A X |B;X

Figure 1.1: Tableau Rules for Propositional Classical Logic

additional operators called the necessity and possilbligrators with syntakd (box) and
¢ (diamond), respectively. We define the language of projeosit modal logic by extending
the definition for propositional classical logic as follaws

Definition 1.3.1. Let AP be a non-empty set of propositional variables and consiuecon-
nectivesA, Vv, -, 0 and{ and the constant and_L. Then the language of the basic normal
modal logic is defined by the BNF grammar below:

P = polp1|pz2]-
¢ = p|lL|T|-¢|d1Vda|d1AP2|O¢ |0

Modal logic semantics are usually given in terms of Kripked@le [Hughes and Cresswell
1996]. Intuitively, the idea behind a Kripke model is thataddition to the current “state of
affairs” or “world”, there are a number of other related pbkesworlds. Therefore if something
is necessarily true in a world then it must be true in all possible worlds relatedto

Definition 1.3.2. A model is a tripleM = (W,R,V) whereW is a non-empty set of possible
worlds,Ris a binary relation ovew andV : AP — 2V is an evaluation function that associates
to each atomic propositiop € AP a set of worlds ilW wherep is true.

If M = (W,RV) is a model, we say that a worlde W is reachable (or accessible) from
a worldw € W iff wRv We now extend the notion of satisfaction for propositiologiic to
define the semantics of the basic normal modal logics.

Definition 1.3.3. LetM = (W,R,V) be a model. Then the satisfaction relatidnw = ¢ for a
formula¢ and a worldw € W is recursively defined as follows:

M,wk piff pe APandw e V(p)

M,wE —¢ iff M;wF ¢

M,wkE ¢ VvV iff MwE ¢ orM,wE
M,wE ¢ AP iff M,wE ¢ andM,wE
M,wE O¢ iff VveW if wRvthenvE ¢
M,wEkE ¢ iff 3ve W such thatwvRvandvF ¢.

Definition 1.3.4. A formula ¢ is satisfiableif there exists a modeé¥l = (W,R,V) and a world
w € W such thaM,wF ¢. A formula¢ is valid if —¢ is not satisfiable.
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OP;OX;Z OP; X OP;0OX;Z
® =x Drmex & mox

Figure 1.2 Tableau Rules for Basic Modal Logiés T and4

The family of basic modal logics are characterized by cettaids of models (frames) cor-
responding to particular restrictions on the reachabiliytionR. Many of these restrictions
are definable in terms of first-order logiE @) when the binary predicatB(x,y) represents
the reachability relation. For example, the normal modgldd assumes no restriction on
the binary relatiorR. Extensions oK are characterized by restriction 81 For example, the
logic KT is characterized by reflexive models while the lo§icis the logic of transitive and
reflexive Kripke frames. Reflexive and transitive restons on the reachability relations are
respectively expressed by the followiR@ conditions:

Reflexivity : Yw : R(w, w)
Transitivity : Vs,t,u: (R(s,t) AR(t,u)) — R(s,u).

Tableau calculi for basic modal logiés, KT and$4 can be obtained by using the rules from
the tableau calculus f@PL in Figure 1.1 and the rules in Figure 1.2. Then we have:

tableau calculus foKk = CPL-rules +(K)-rule
tableau calculus foKT = CPL-rules +(K)-rule +(T)-rule
tableau calculus fo®4 = CPL-rules +($4)-rule +(T)-rule.

In this this work, we assume familiarity with basic modalitgy For an introduction to these
notions see the introductory textbooks by Hughes and Cedkgiughes and Cresswell 1996]
and by Fitting [Fitting 1983]. Of course, the functiom f defined for classical propositional
logic can be extended for classical normal modal logics msittering the duality] = £ And
the De Morgan’s laws.

1.4 Functional Programming

Functional programming is a style of programming that erspxtes the evalu-
ation of expressions, rather than execution of commanas.eXpressions in these
languages are formed by using functions to combine basiegalA functional
language is a language that supports and encourages progrann a functional
style.

comp.lang.functional (faq)

Hughes, the father of the Haskell programming languageiegrthat since modularity is
the key to successful programming, the functional programgrstyle is vitally important to
solve real world problems [Hughes 1989; Wood 2001]. Fumeiigorograms are easier to
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understand and to maintain, are often shorter than progvaitten in imperative style [Hu-
dak and Jones 1994] and more easily verifiable using form#hads [Filliatre and Letouzey
2003]. Even if the methodological benefits of functionalgreonming are well known, the vast
majority of programs are still written in imperative langees such as C. This contradiction can
be explained on the one hand by the historical lack of perfoce of functional programs and
on the other, by the inherent conceptual difficulty of wigtiiunctional programs.

In the last 20 years, advances in compilers technology amdélelopment of new pro-
gramming techniques have considerably narrowed the gagn Evunctional languages like
OCaml [Chailloux et al. 2000] are still slower then C/C++ iarficular domains, the differ-
ence in performance has been considerably reduced in thddeadé [Verna 2006; Garret
2000]. Moreover, research devoted to develop efficient datactures for functional lan-
guages [Okasaki 1996] and books focusing on functionalnaragning [Paulson 1991] have
now taken this style into the mainstream and made it pakatibldevelop industrial-grade
software [Wadler 2006; Hudak and Jones 1994].

The functional programming style achieves modularity kimability to compose functions
in an abstract way, and to have control of the data flow thataderexplicit (sometimes, in
pure functional languages, painfully explicit). Funcébprogramming languages are divided
in two categoriespure languages, such as Haskell [Jones et al. 1999]impdire languages
such as OCaml [Chailloux et al. 2000]. In impure languagesgrammers have access to a
number of constructs witkide effectsuch as exception or assignments. Pure languages on the
other hand, are easier to reason about because of the alodeoraputation with side effects.

In the rest of this work, we assume familiarity with basic cepts from functional pro-
gramming. For an introduction to functional programminfgreo [Paulson 1991].

Monadic Programming

An important programming technique, developed to make fuuretional languages more ac-
cessible without introducing unwanted features, is the adanprogramming style. In fact,
“Shall be pure or impure ?” is the motivating question for \léad work in monadic program-

ming. The concept of monads arises from category theory asdfinst applied by Moggi to

structure the denotational semantics of programming laggs [Moggi 1989]. Wadler took
monads a step closer to the real world by giving a number oimeles to simulate impure

features in a pure functional language [Wadler 1992]. Thskidih compiler, for example, is

structured using monads [Jones et al. 1999].

We now give an introduction to monads, following Wadler [WeadL993], to highlight
how monads can be used to capture “computational effectst asl maintaining a global state
of the computation, or to express non-deterministic coruputs. In general, a monad is a
construct to abstract a computation (“a program is a fundtiom values to computations”),
to increase modularity and to regain some flexibility pesould impure functional languages.

The basic monad is a tripleZ = (M, return, bind) consisting of a type constructt and
a pair of polymorphic functiorfs return andbind. For example, if.# is a monad and we

1seehttp://shootout.alioth.debian.org/ for a detailed empirical comparison.
2Since monads are usually presented using Haskell synefytietionbind is often written as>>= or used as
an infix operator agjind'. We write the function bind as a binary function. Moreoves usereturn instead of the



8 Background

wish to convert a functiorf : a — b into its monadic form, we will writef : a — b M, thus
encapsulating the result of the function into an object withell defined behaviour.

To describe the basic monads used inftkéBwe adopt the OCaml syntax: for an overview
see [Chailloux et al. 2000]. The typsignature of the basic Monad = (M, return bind) is
shown below whereeturn  accepts a value and returns a monad (computation) ik
accepts a monad and a function and returns a new monad.

type 'a m
val return : 'a—> 'am
val bind c'am—> ("a—> 'bm) > 'bm

Monads can define a number of computations. itleatity monad, the simplest monad, is
defined as follows:

type 'a m = ’a
let return a = a
let bind mf = fm

The identity monad is a monad that does not embody any commmaéhstrategy. It simply
applies the bound function to its input without any modifisaf therefore returning a computa-
tion that is no different from its input. The identity monadviery seldom used in applications.
It only plays a fundamental role in the theory of monad transkrs [Liang et al. 1995], where
any monad transformer applied to the identity monad yieldsratransformer version of that
monad. As a trivial example, we give two functions (below)ean monadic style, the other
one by applying a function directly to its arguments.

The first functionfib  returns an integer, the second functianx _fib is an auxiliary
(monadic version) of the functiofib where we “open” the recursion. The third function
mfib is the monadic version difb that accepts an integer and returns a value of iypen
which in the specific case of the identity monddl ih the example) is the same ias.

let rec fib = function
[0 —> 1
1 — 1
|In — fib (n—-1) + fib (n-2)

let aux_fib f = function
|0 — M.return 1
|1 — M.return 1
|n — M.bind (f (n-1)) (fun y —>
M. bind (f (n—2)) (fun x — M.return (x + vy)))

let rec mfib = aux.fib mfib

The state monadbelow) represents a computation that accepts an init# stind returns
a value paired with the final state:

more traditionalnit becauseinit is a keyword in OCaml.

3/amis a type wherea is a type variable, anthis a type constructor. For exampla,list is a generic list type
andint list is the type for a list of integers. In Haskell, type constoustare of the fornMa, whereM is the type
constructor and is a type variable.
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type state

type 'am = state—> ('a x state)

let return a =fun s —> (a,s)

let bind m f = fun s —> let (a,y) =msin f ay

The state monad is often used to maintain the state of theuaiigm in a transparent and
modular way and it allows the implementation of “side efé&¢ypical of impure programming
languages, such as I/0, without compromising the overaihdpess of the program. It is also
used to simulate in-place updates in non-imperative daiatstes without violating referential
transparencdy. For example, in th@ WB the state monad is used to maintain the state of the
computation of the strategy evaluator (cf. Section 5.2 ithaut requiring any global variables.

One of the benefits of using the monadic programming styléas the behaviour of a
function can be modified compositionally. For example, we wedify the functionmfib to
compute also the number of recursive calls when evaluatethel next example, we assume
M implements the state monad. We first define a fundiickh that executes a function and
then increments a counter. The functibck accepts a functiofi, a valuen and valuec
representing the current state; it returns a tuple compok#tee result of the evaluation of the
functionf with argument in the current state, and the new statie+1 . Then, the function
cfib is the new function that behaves as the functiiib but now also counts the number
of recursive calls done by the function when evaluated:

let tick f nc=1let (r,k) =f ncin (r,k+1)
let rec cfib n ¢ = tick (auxfib cfib) n c

Monads can also be used to implement non-deterministic atatipns, where the evalua-
tion of an expression returns a list of possible answerso@ealefining such a monad, we need
first to extend the structure of the basic monad with a disistged zero valuenzeroand a
binary operatiormplusto group monads. The type signature of this new monad (yscialled
MonadPlus in the Haskell nomenclature) is as follows:

type 'a m

val return : 'a—> 'am

val bind ’am—> ("a—> 'bm) —> 'bm
val mplus : 'am—> 'am-> "am

val mzero : 'am

The simplest monad that encapsulates non-deterministigpatation is thdist monad
Note that since OCaml implements an eager evaluation s@sansing the native OCaml
list module will force the computation of all possible anssvat once, wasting computational
resourced Instead of the default (eager) OCaml list module, we usezya s@quencsed
where values are computed only if needed. Operators ofgshenthnad are definable in terms
of basic list operations. The list monad is defined as follows

type 'a m = 'a list
let return a = Seq.push a Seq.empty

4Referential transparency is a property of computer prograg languages, essentially stating that any expres-
sion may be replaced with its result without changing thealihur of the program.

SHaskell, on the other hand is a lazy language by design asdémiplication is not needed.

6See Section 5.2.1 for details about Segmodule.
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let bind m f = Seq.join (Seq.map f m)
let mplus = Seq.append
let mzero = Seq.empty

List monads are often used to implement backtracking alyos. However, using the list
monad to implement such algorithms has limitations reltdezfficiency and advanced monad
composition techniques. A more efficient backtracking nibhas been devised in [Hinze
2000] and in [Kiselyov et al. 2005]. In Section 5.2.4 we dészin detail a new monad that is
the result of a non-standard composition of a state monac d&agktracking monad.

Another interesting effect that can be easily coded intorttemadic framework is the
continuation-passing style technique [Friedman 19883 tias been used, for example, to
model sophisticated programming language features. Qmattons represent the future of a
computation as a function from an intermediate result tdfiti result. In a nutshell, if we
consider the evaluation of an expressiqe), a continuatiork of f(e) represents the future of
the partial computation of (e) after the expressioa has been evaluated. A continuatikis
a function of one argument. In order to evaluatert. k, the continuatiork is applied to the
resulte of the computation oé. In continuation passing style, computations are builinfro
sequences of nested computations terminated by a finahcaiithtn which produces the final
result. The basic idea is to add to each function an extratifweation” argument, and to further
transform the body of the function. Therefore instead afrr@hg its value, it passes this value
on to its extra continuation argument. Téentinuation mona@ncapsulates continuations as
a monadic value. A continuation monad can be defined as fsilow

module ContMonad : Monad =struct
type answer

type 'a m = ('a —> answer)—> answer
let return a =fun k —> k a
let bind m f = fun k —> m (fun x —> f x k)

end

Continuation monads often also provide the “Call/cc” fumet(Call with current continu-
ation) found in scheme and Standard ML. The operator “Céléan be seen as@OTOn a
functional setting, where given a functidnand a continuatiotk, it discards the current con-
tinuation of the functionf and replaces it with a new continuatineffectively “jumping” to
k. The function that implements such an operation is:

let callCC f k = f (fun x _ —> k) k



Chapter 2

Fix-Point Logics

Modal logics are widely used in many areas in computer seieparticularly for the specifi-
cation and verification of software and hardware, for knaolgke representation in databases,
and in artificial intelligence. The most important reasartiids wide application is the balance
modal logics offer between computational complexity angregsivity. For example, the valid-
ity problem for basic modal logics likK and$4 is PSPACE-complete, while f@5, it is NP-
complete. However, modern applications of modal languadies require more expressive
power to reason about properties of a system such as teromratfairness. Extending basic
modal logics by adding features like transitive closurehmpantifiers, and least and greatest
fix points substantially increases its expressive powehnaut losing decidability. Temporal
logics like PLT L are indeed PSPACE-complete, while other logics such as gtatipnal tree
logic (CTL), propositional dynamic logicRDL) and the logic of common knowledgeGK)
are decidable in EXPTIME [Fagin et al. 1995; Emerson anca2@00]. In this chapter we
introduce several representative logics with fix-pointrapars and rooted tree models: namely
CTL, CTL,PLTL, PDL andLCK.

2.1 Temporal Logics

Temporal logic was first introduced by Arthur Prior [Prior5Q under the name of Tense
Logic to provide a formal logical notation for the formulati and resolution of philosophical
issues concerning time. In the last five decades, tense hagidoeen studied in a range of
fields, from computer science to linguistics.

In computer science, temporal logic has been mainly usedrasaas to reason about cor-
rectness proprieties @bncurrentandreactivesystems such as safety, liveness, total correct-
ness and fairness of deterministic and non-deterministicputations [Emerson 1996; Manna
and Pnueli 1983]. In artificial intelligence [Shanahan J98mporal logic has been used to
address the problems of reasoning about the mutable andtabhayroperties of the envi-
ronment over time, and in linguistics, in relation to the lgs@ and interpretation of tenses
in natural languages [Richards et al. 1989]. In computesred, the most popular temporal
logics are the propositional linear temporal Io§CT L, the computational tree log€T L and

1A reactive system is a program that maintains an ongoingaot®n with the environment. Examples include
operating systems, network communication protocols,raffi¢ control systems. Reactive systems can either be
implemented on sequential or parallel architectures. Systems are also called “open” systems.

11
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the full computational tree logiCT L*.

The nature of the underlying structure of time on which thenfalism is based has long
been debated [Emerson and Halpern 1983; Emerson and Halp&6,) Lamport 1981; Vardi
2001; Stirling 1987]. This academic discussion, apart fittv philosophical implications
concerning determinacy versus free will, has led to the tdation of a uniform framework
which allows for the comparison of different formalisms [Erson and Halpern 1986]. Where
linear time is the correct model to use in order to charazzdhe set of all execution sequences
which a program generates, branching time models are useshson about the set of all
execution trees generated by a program. Consequentlyptheef is useful to reason about
sequential deterministic systems, while the latter is ad&xto reason about non-deterministic
or concurrent systems which are designed to explore alifdesshoices.

In his “final showdown”, Vardi argues in favour of linear tinegic for model checking
[Vardi 2001]. His position is that, in spite of the succes€afL, it suffers from many funda-
mental limitations as a specification language for modetkimg problems.

Lamport noticed that since linear and branching time logiogespond to two distinct
views of time, it is not surprising th&LT LandCT L are expressively incomparable [Lamport
1981]. For example, thBLTL formula FGp expressing that “Sometime in the futune,is
always true” is not expressible @T L. Conversely, th€T L formulaeAFAGp which express
“in all paths, eventually there exists a stat@here in all paths frons, p is always true” is not
expressible ifPLTL

Concerning expressivity of branching time logi€ST L is essentially as good &T L* to
express invariance proprieties (i.e. partial or totalecimess). Howeve T Lis not suitable for
expressing fairness proprieties [Goranko 2000]. For exanfigirness of a resource allocation
in a distributed system can be expresse@1r_* as:

A (G F(resourcerequestedl — F (resourcegranted)
The closest translation of this fairness propertZinL is:
AGAF(resourcerequestegl— AF (resourcegranted

The logicECTL[Emerson 1990] is an extension ©ff L which incorporates simple fair-
ness constraints. It has also been shown that 8@th andECT L can be extended 0T L™
andECTL", where boolean combinations of temporal modalities amat. CTL" has the
same expressive power &J L [Emerson and Halpern 1985], whileCT L' is strictly more
expressive theBCTL

2.1.1 Syntax and Semantics

In this section, we provide the syntax and semanti¢3.dfL, CT LandCT L*. We first consider
the languageCTL* which extends and subsum€d L and PLTL, as well as a number of
systems [Emerson and Halpern 1986]. In Chapter 3, we givegéespass tableau calculus for
the logicU B which could potentially serve as a starting point to develgingle-pass tableaux
based algorithm for these logics.
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2.1.1.1 Syntax

CTL* is an extension of the language for propositional logic wimporal connectives.
In particular we consider countably many propositionaliatales AP and the connectives
-, A\E,(O,U whereE is an existential path selector adds theuntil operator.

With regard to the&CT L* syntax, it is often useful to classify formulae as state faae or
path formulae. The class of state formulae is composed aktltiwat are true or false when
evaluated in a state while the class of path formulae aresttras or false of paths. State and
path formulae are defined as follows:

State Formulae:

S1 each atomic propositiop € AP is a state formula
S2 if ¢, are state formulae then so afe\ ¢y and—y
S3 if Y is a path formula the& ¢ andAy are state formulae

Path Formulae:

P1 each state formula is also a path formula
P2 if ¢, are path formulae then so apen ¢ and—
P3 if ¢, are path formulae then so afey and¢ U ¢

Other modalities are expressed by duality. The “before” alibdB is defined as the dual
of until via (¢ B ) :=—(—¢ U ). The “generally” modality and “sometimes” modality are
defined, respectively, &8¢ := (L. B ¢) andF¢ := (T U ¢). The universal path selectéris
defined as-E—.

The minimal set satisfying the rules S1-3 and P1-3 formsahguage o€ T L*. The syntax
of the logicCT L is obtained by restricting the syntax to disallow booleambmations and
nesting of linear time operators. For exam@&F¢ orE(F¢ A (Y U @)) areCT L* formulae,
but notCT L formulae. Formally, th€T L syntax is obtained by replacing P1-3 with

PO if ¢, ¢ are path formulae then so afey and¢ U

Finally, the set of path formulae generated by rules S1 an8 &dfines the syntax ¢fLT L.

2.1.1.2 Semantics

Different semantics have been proposed to interpret temhjpmmyics: see [Reynolds 2001] for
an overview. We adopt the semantics given in [Emerson angddial1986] where temporal
logics are viewed as a special kind of modal logic. In thismesvork, the truth value of a
formula can change in different worlds in a Kripke frame ashporal operators allow us to
reason about different points in time. It is then naturalual@ate formulae with respect to a
state and a path in the transition system, rather than justriaas in traditional modal logics.
We now define the semantics GfT L* over a Kripke structureCT L andPLT L formulae

are interpreted over the same structure. We first define ttiemnaf a transition frame.

Definition 2.1.1. A transition frame is a paifS,R) where:



14 Fix-Point Logics

1. Sis a non-empty set of states

2. Ris atotal binary relation oves.

Note. “total” in Definition 2.1.1 means that for evepe S there is somé e Ssuch thas Rt

In modal logic, the word “seriality” is often used to deseribuch relations. A transition frame
is also called a serial Kripke frame. Note also that the itytabndition does not restrict the

modelling power of the language. @IT L* a “terminated execution” of a program is usually
seen as an endless loop of its last state.

A (full)path represents the flow of time. Fullpaths are alemmonly referred to as histo-
ries?, and states as moments [Zanardo 1992].

Definition 2.1.2. A fullpathin (S R) is an infinite sequende= s,s1,$; ... of states such that
for eachi > 0,5 R 5.1. We writeb' to denote the suffix path,s.1,5:2....

Definition 2.1.3. A modelM = (SR L) is a transition systeniS R) and a labelling function
L : S— 24P which associates with each stata setl (s) of atomic propositions true at state

Formulae irCTL", CTLandPLTL, are interpreted using the semantics in Definition 2.1.4.
When formulag is true in a fullpathb and a modeM, we writeM,b I ¢.

Definition 2.1.4. Let M = (SR L) be a model. The satisfaction relatidyb I- ¢ of a path
formula ¢ in a fullpathb (P1-3) and satisfaction relatidvl,sIF ¢ of a state formulap in a
states € S(S1-3) are recursively defined as follows:

S1: M,slk pwith pe APiff peL(s)

S2: M,slF—yiff M,;sl¥F ¢
M,sl- ¢ vy iff M,slF ¢ orM,si- g
M.,sl- ¢ A g iff M, sk ¢ andM,siF

S3: M,slFAQiff yb=s5,%...M,blF ¢
M,slFE¢ iff 3b=s,s...M,bl- ¢

P1: M.,bl ¢ iff M,5 IF ¢ whereb=5,5,S...

P2: M,blF—¢ iff M,bl¥ ¢
M,blF ¢ v g iff M bl ¢ orM bl @
M,blF ¢ Ay iff M,bl- ¢ andM, bl g

P3: M,bl- (¢ U ¢)iff Ji.[M,b'IF @ and¥j. (j <iimpliesM,bl - ¢)]
M,bIF O¢ iff M,b*I- ¢

Definition 2.1.5. A state formulag (resp. a path formula) igalid iff for every modelM =
(SR/L) and every stats (resp. pattb) in M, we haveM, sl ¢ (resp.M,bl+ ).

Definition 2.1.6. A state formulag (resp. a path formula) isatisfiableiff there is a model
M = (S R,L) and some state(resp. pattb) in M, such thaM,si+- ¢ (resp.M,bl- ¢ ).

Note. PLT Lformulae in this setting should be regarded as “pure pathtitae” and therefore
interpreted only according to rules P1-3 in Definition 2. P4T L models are often presented
just as Kripke models overlamear flow of time commonly represented B, -,L) whereN

is the set of natural numbers.

2Not to be confused with the “histories” introduced in Sect#3.1.
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2.1.2 Decision Procedures

In this section, we present a brief overview of the princigagdults concerning decision pro-
cedures for the satisfiability problem in temporal logicheTdevelopment of proof methods
for temporal logics, in particular foPLTL andCTL, have followed three main approaches:
tableaux, automata and resolution. Tableaux-based ag@sattempt to systematically con-
struct a structure from which a model can be extracted. Tadoss to Buchi automata reduce
the problem of determining whether the language recognigethe automaton obtained by
translating a formula is non-empty. Resolution based aures involve the translation of a
temporal formula into a hormal form and the application déience rules of théeemporal
resolution calculugFisher 1991; Dixon 1996].

2.1.2.1 PLTL

In the literature there are different tableau calculiP&T L. Wolper gives a two-pass algorithm
that first builds a (cyclic) graph using a tableau algorithmd then prunes “PLTL-inconsistent”
nodes in a second pass via a connected component analysEep\¥885].

The first pass applies the tableau rules to construct a fimitied cyclic graph. The second
pass prunes nodes that are unsatisfiable because theynocooméiadictions like( p,—p}, and
also remove nodes which give rise to “bad loops”. Bad loopgafined as loops in the model
where one or more eventualities are not satisfied. The squuask usually leads to an analysis
of the strongly connected component of the graph. Typicatidgtion of this second phase
can be found in [Wolper 1985]. The main practical disadvgataf such two-pass methods is
that the cyclic graph built in the first pass has a size whichvisaysexponential in the size
of the initial formula. So the very act of building this graphmediately causes EXPTIME
behaviour even in the average case (the validity problenREdrL is in PSPACE). For a large
formula, this may pose a substantial space cost because, worrst case scenario, the number
of nodes in the graph will be®2 wherel is the length of the initial formula [Wolper 1985].
The requirement also removes the possibility of paraliitié, an optimisation that has been
sometimes used for automated tableau provers. Janssenagi\afficient version of Wolper’s
algorithm based on binary decision diagrams (BDDs) [Jan$889]. Another more recent and
refined algorithm to checRLT L satisfiability using a two phase procedure is in [Lichteimste
and Pnueli 2000]. A tableau system #BLTL based on the idea of using linear constraints
over integers is in [Schmitt and Goubault-Larrecq 1997].

Schwendimann gives a single pass tableau calculuBlL®iL using histories and “synthe-
sized” histories which are variables that are instantiatdtie leaves and used to pass informa-
tion toward the root [Schwendimann 1998]. This calculudangs the search space in a depth
first fashion, and therefore, it reclaims space upon backitng. However, it is usually slower
than the two-pass method since different branches cantrépeaame (redundant) work. As
far as we know, this is the only direct single pass algoritonPiLT L.

Fisher introduced resolution rule inferencesPdT Lin [Fisher 1991]. The first step to use
temporal resolution is to transform tRLT L formula intoseparated normal forniSNF) by
replacing non-atomic sub-formulae with new propositiond eecursively removing all occur-
rences of the until operator. The second step uses stargoldition techniques using special
inference rules to reason about temporal connectives. &gl et al. 2001] for an overview
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of resolution methods for temporal logics. Recently Hustaml Konev implemented Fisher’s
algorithm [Hustadt and Konev 2003]. An interesting benctitt@mparison of various theo-
rem provers based on different decision procedurdor L is given in [Hustadt and Schmidt
2002].

2122 CTL

A tableau-based decision procedure for satisfiabilityekhmgy inCT Lis well known [Emerson
and Halpern 1985; Ben-Ari et al. 1981]. This method is alseeblaon a two pass algorithm,
where a graph is built by a tableau procedure and then a sgessgrunesCT L-inconsistent”
nodes by an iterative marking algorithm. Reynolds givesbéetau-based decision procedure
for ECTL[Reynolds 2005].

Wolper, Vardi and Sistla proposed satisfiability checkimgpegthms based on automata
[Wolper et al. 1983]. The basic idea is that, to show th&Td. formula ¢ is valid, we first
build a Biichi automata for¢. Then, if the language accepted by this automaton is empty
then the formulap is valid. Otherwise, since the algorithms checking emgtnaf automata
are constructive, if the language is not empty, then therdibgo produces a model fofi¢. In
the literature there are also approaches based on games savfmula is satisfiable if there
exists a winning strategy for one player [Lange 2002].

An extension of the resolution method LT Lto CTLis in [Bolotov and Fisher 1999].

2123 CTL"

For temporal logics with richer modalities suchGiEL", the tableau construction is not directly
applicable. Methods based on Tree Automata and Biichi Aataman be found respectively
in [Vardi and Wolper 1988] and [Sistla et al. 1987].

2.2 Logic of Common Knowledge

The logic of knowledge was first investigated by early Grebkgsophers and in the early
1960’s was first formalized by Hintikka [Hintikka 1962]. TH®60’s also saw a flourishing
interest in the area of research interested in capturingntierent proprieties of knowledge.
More recently, researchers from different fields such asilliged systems, artificial intel-
ligence, linguistic and economics have become interestaédsoning about knowledge, in
particular considering the common knowledge operator[Sagin et al. 1995] for references).

The logic of common knowledgd.CK) is a multi-modal logic which can be used to talk
about certain epistemic situations among a group of agkmpsrticular, the notion of common
knowledge - where everyone knows, everyone knows that emeriknows, etc. - provides
means to make universal statements about the knowledgerotip ¢‘any fool knows”). See
[Fagin et al. 1995] for an extensive overview.

LCK is based on multi-modal extensions of basic logics Héeor KD4, depending on
different philosophical assumptions, and a common knogdegperator, often written &3.
The logic has been axiomatized in [Halpern and Moses 198bjrajvan der Hoek and Meyer
1997]. LetA be a group oh agents anda] be the knowledge operator for “agemknows”,
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of each agend € A. We define the operatd (“everybody knows”) as the conjunction of the
individual knowledge of each agent. ThEg is an abbreviation fofai|¢ A [a2]¢ A--- Alan] P,
with {ag,--- ,an} = A

There are two equivalent interpretations of the common kedge operator. In thiger-
ative interpretation C¢ is seen as the infinite conjunctidiy A EE¢ A ---. Note that if the
number of agents is one thé&wyp = [¢. Alternatively, in thefix-point interpretation Co is
defined as a solution of the fix-point equatdnr= E¢ A EX. Intuitively, this says that common
knowledge of¢ holds in a situatiorX where everyone in the group knows tlgaholds and
that they are in situatioX. In fact,C¢ is thegreatestsolution of this fix-point equation and
these two interpretations are equivalent [Fagin et al. 1995

As we shall see in Section 2.2.2, there are different cafoulLCK that are cut-free, but
that contain an infinitary rule. To the best of our knowledtpere are no cut-free calculi for
LCK that are sound, complete and free of an infinitary rule. Wé fadus on the fix-point
characterization of the common knowledge operator.

2.2.1 Syntax and Semantics
2.2.1.1 Syntax

We consider countably many propositional varial?s a finite non-empty set of agemsand
the connectives:, A, [a] with a € Awith APN A= 0 and the constants and T. The formulae
of LCK are then defined using the BNF grammar below:

p = po|ps|p2]-

¢ = pITIL[-@[d1Vd2|d1ng2
[ [&¢ | ()¢
[ [Clo [{C)¢
| [E]¢ | (E)¢

The abbreviations fofa) andV are as usual. We defing] and(E) as:

[Elg =\l (E)g=\/ (a)¢
acA acA

Letting [E]% = ¢, let [E]“¢ be [E][E]* ¢ for somek > 1. Finally, we define the common
knowledge operatd€ as|C| and its dual agC).

2.2.1.2 Semantics

In this section, we present a version of the logic of commamkadge based on the transitive
closure of the knowledge of individual agents following ¢ffaet al. 1995]. van der Hoek and
Meyer give an axiomatization &CK considering the reflexive transitive closure of knowledge
of individual agents [van der Hoek and Meyer 1997].

Definition 2.2.1. Given a finite non-empty sét of n agents and a non-empty & of atoms
we define &K, model as a tupléW,Ra,V) whereW is a non empty set of worldR}a is a



18 Fix-Point Logics

function that assigns to each agerd A a binary relatiorR, C WxW andV is a valuation that
assigns to each atome P a setV(p) C Z(W) wherep is “true”, and Z(W) is the set of all
subsets ofV.

Definition 2.2.2. If M = (W,Ra,V) is aKy-model andw € W then the satisfaction relation
M,w I+ ¢ of a formulag¢ in a worldw is recursively defined as follows:

M,wli- p iff weV(p)

M,wiFoVvy iff M,wli-¢ orMwiky

M,wiFg Ay iff M,wi-¢ andM,wi- ¢

M,wi- (a)¢ iff FveW wRywvandM,viF ¢

M,wl-[aj¢  iff VYveW,wRyvimpliesM,vi- ¢

M,wl- (C)¢ iff M,wliF (E)¥¢ for somek=1,2,---

M,wi-[Cl¢ iff M,wli-[E]%¢ forallk=1,2,--.

We say that a formulg is satisfiable if there exists a moddl and a worldw € W such
thatM,wFE ¢. A formula ¢ is valid if —¢ is not satisfiable.

As pointed out in [Fagin et al. 1995], this view of common kiesdge has an interesting
graph-theoretical interpretation. A stdtis reachable from a statdn k steps k > 1) if there
exist statesy, S1, . . . & such thaty = sands, =t and for all j with 0 < j < k—1 there exists
an agent € A such that(sj,sj;1) € Ra. Thent is reachable frons exactly if there is a path
from stot in the graph. With this view, it is also easy to see a connectiith other fix-point
logics likeCT Lwhere path operators allow to explicitly reason about thadbs in the graph.

2.2.2 Decision Procedures

In the literature, there are different decision procedfime$ CK mainly based on the iterative
interpretation of the common knowledge operator.

Jaeger and Alberucci present both a finitary Tait-stylewak using a restricted form
of cut, and an infinitary cut-free calculus [Alberucci arakgdér 2002]. On the one hand, the
finitary calculus uses a form of cut that, albeit restricted subset of the Fisher-Ladner closure
of the initial formula, makes this calculus computatiopaiitractable. On the other hand, the
infinitary calculus always takes the worst complexity casberucci also gives an embedding
of LCK into the u-calculus [Alberucci 2002]. Kretz and Studer present agieciprocedure
based on deduction chains [M. Kretz 2006]. van Ditmarsch@yckhoff present a sequent
calculus forLCK that is, however, not complete [van Ditmarsch and Dyckh662Z. Kaneko
presents an embedding bEK in the game logic that gives a cut-free sequent calculus, tha
again, uses the iterative interpretation of the common kedge [Kaneko 1999] and hence
require an infinitary rule.

The satisfiability problem fot.CK is strictly related to the satisfiability problem of the
propositional dynamic logi®DL (presented in Section 2.3). Halpern and Moses derive an
exponential lower bound for the satisfiability problem @K by using an embedding &fCK
into PDL and proving an exponential upper bound by using a filtratrgaraent similar to the
one given by Pratt [Fagin et al. 1995; Pratt 1979a].

De Giacomo and Massacci present a labelled tableau calfarl®DL with converse and
they claim that the calculus is sound, complete, and cet-fileconverse is not considered
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[De Giacomo and Massacci 1996]. By embeddi@K into PDL, this gives a labelled cut-free
tableau calculus fotCK. However, the soundness of this calculus has been chatlemge
demonstrating a counter-example [Schmidt and Tishkov€K8R But this approach is how-
ever rather “overkill” since the structure b€K is simpler tharPDL: the common knowledge
operator cannot be nested to build up more complex opegationelations as iRDL.

As pointed out in [Alberucci and Jaeger 2002] and [van Disoh and Dyckhoff 2002],
because of the inherent computational complexiti©K, an efficient decision procedure and
therefore an efficient automatic theorem proverlf6K is unlikely to be developed. Nonethe-
less, the by empirical experience with provers for temptwgics and modal logics suggest
that it may be feasible to develop efficient decision procesifiorLCK for many cases of in-
terest. All the proposed calculi based on the iterativerprgation of the common knowledge
operator have high complexity even in the average case.€lbdkt of our knowledge there is
no sound, complete, cut-free and non-infinitary calculug K.

2.3 Propositional Dynamic Logic

Propositional Dynamic Logic (PDL), is a poly-modal logidrimduced to model the evolution
of the computation process by describing the propertiesatés reached by programs during
their executionPDL was introduced in [Harel and Kozen 1982; Fischer and Lad8@8]L

In PDL there are as many modalities as programs. For examgBasié program which is
obtained by combining atomic programs, th@)¢ expresses that there is an executiorBof
leading to a final state that satisfi¢s

PDL enjoys nice algorithmic proprieties: it is finitely axionzable [Harel and Kozen
1982], its model-checking problemRsI IME-complete [Harel 1984], its satisfiability problem
is EXPTIME-complete [Harel 1984]. However it is strictly less expresshan the alternation
free fragment of the modal-calculus [Harel and Kozen 1982].

Extensions of the basieDL, includeCPDL, considering a converse operator [Fischer and
Ladner 1979], oiPDL — A, where programs can be repeated infinitely often [Streeg]L9
These two extensions are both strictly more expressivetibaitPDL.

2.3.1 Syntax and Semantics
2.3.1.1 Syntax

Let A be a non-empty set of atomic programs &kiel a set of propositional variables with
ANAP=0. The language of PDL is constructed as follows, wheeeAP anda € A:

a = al|a|a]---

= almurmn|m;m| 7%

p = polpr|p2|--
¢ = pl-d|[d1Vd2|PrA2| (M)
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2.3.1.2 Semantics

The semantics foPDL is defined in the usual way through Kripke structures. Let
M = (W,R,L) be a Kripke structure wheM is a non-empty set of world® assigns to each
programa € A a binary relationR(a) on W andL assigns to each atomic variabjec AP

the set of worldd_(p) in which p is true. The extension d® to complex programs and the
definition of the consequence relatierof PDL are defined by simultaneous induction as:

R(mU ) = R(m)UR(®)

R(mm; ) = R(m)oR(m)

R(rT") = the reflexive transitive closure &)
R(%) = {(ww) eW? |M,wF ¢}

M,wkE p iff welL(p)forpeAP

M,wkE —¢ iff M,wFEp

M,WE ¢1A @ iff M,wE ¢ andM,wk ¢,
M,wWE ¢V @ iff M,wkE ¢ orM,wk @2
M,wE (a)¢ iff  3ve W such thatw,v) € R(a) andM,vE ¢

Let ¢ be aPDL formula andM = (W,R L) be a Kripe model. Them is said to be
satisfiable if there isv € W with M;wE ¢. A formula ¢ is said to be valid if—¢ is not
satisfiable.

2.3.2 Decision Procedures

PDL has been studied for almost 30 years. The first decision guoeen the literature is
due to Fisher and Ladner where the authors give a two passthigan which the first phase
builds a pseudo model in the form of a graph, while the sectrage model checks this graph
to obtain a model [Fischer and Ladner 1979]. Pratt gives a&mefined decision procedure in
[Pratt 1979b]. De Giacomo and Massacci give a single passitiigh based on Pratt's ideas
for CPDL [De Giacomo and Massacci 1996]. Schriigtoposed an implementation of this
tableau calculus but appear to be unsound. The authdwstifc  claim a decision procedure
for PDL and give a implementation of it with their theorem prover $§Gaet et al. 2005].

2.4 The Modal u-calculus and Beyond

The modalu-calculus is an extension of modal logic with least and grgtdix-point construc-
tors. It was first introduced by Scott and De Bakker in the [E860’s and axiomatized by
Kozen in the mid 1980’s [Kozen and Parikh 1983]. It subsumgsathic and temporal logics
like PDL, PLTL, CTL, andCTL*. The modalu-calculus provides us with the capability of
expressing and reasoning about assertions concerningtahppoprieties of dynamic systems
with potentially infinite behaviour. The semantics of thedalu-calculus is usually based on
the concept of transition systems. The modatalculus falls outside the scope of this work.
For a detailed survey refer to [Stirling 1988].

3Seehttp://www.cs.man.ac.uk/ ~schmidt/pdl-tableau/
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2.5 Discussion

Vardi emphasizes that an essential property of many irttegesiodal logics is théree model
property. that is, if a formula is satisfiable, then it is satisfiablehe root of a tree structure
[Vardi 1996]. Conversely, Andreka, van Benthem and Nenpeti,forward the thesis that the
guarded fragment of first order logigeneralizes and explains most of the good properties of
modal logic [Andréka et al. 1998].

On the one hand, Vardi notices that the majority of classidahdogics can be embed-
ded in the fragmenE O2 of first-order logic with two variables. This fragment lstibs the
finite model property, but not the finite tree properBO2 is decidable, but not as “robustly
decidable” as normal modal logic. In fact, the resultingdagptained by extending O2 with
fix-point operators is highly undecidable [Gradel and Q&08]. Therefore Vardi’s conclusion
is that the finite tree property is specifically the reasorxfwaén the good algorithmic property
of modal logics.

On the other hand, Andreka, van Benthem and Nemeti, sughsiethe real reason for
the good properties of modal logic is not the tree model ptgpbut the fact that their first
order translation can be embedded in the guarded frag@teof first order logic. The guarded
fragment of first order logic is of course still decidables liae finite model property and also
enjoys a generalization of the tree model property [GradéR].

Recently van Benthem has shifted his position emphasisiagnodel tree property as
essential for the analysis of dynamic epistemic logics g=eaiss of epistemic temporal logic
[?].

In particular, in relation to fix-point logics, Gradel andalWwkiewicz extendedsF with
fix-point operators [Gradel and Walukiewicz 1999]. Thiswregic uGF is still decidable (it
is 2EXPT IME-complete), enjoys the finite model property and moreovgrysm generalized
variant of the tree model property. Thecalculus, as well as all the other logics mentioned
in this work, can be embedded irGF. Gradel gives a decision procedure fo&F based on
parity games in [Gradel 1999].

2.6 Conclusion

In this chapter we presented different fix-point logics. Mamilar decision procedures have
been presented in the literature for this class of logicse o most common approaches
based on tableau-sequent methods are to either give depiioedures based on a two pass
algorithm or to use a calculus with a non-finitary rule andely 1on the finite model property
enjoyed by these logics for termination. Both approachescamputationally expensive as
the entire model (exponential in size) must always be bailblitain an answer, even in the
average case. A third avenue that we do not directly congderuse automata. This indeed
gives an optimal complexity decision procedure for cheglgatisfiability [Emerson and Jutla
2000] but at the expense of renouncing the simplicity ofdabtsequent methods. We know of
no implementation for automata-based decision procedordatese logics. In this work we
focus on decision procedures based on tableau/sequenbaseth

By using a two pass decision procedure, the first pass must i@ entire model, to be
subsequently model-checked. Conversely, by using antiafincalculus, the upper bound that
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is computed based on a theoretical considerations, mustyallse considered making these
methods computationally expensive. Sequent calculi withare equally computationally
intractable even when analytic cut (often based on an exters the Fisher-Ladner closure)
is considered.

Tofill this gap, we advocate a general decision proceduredas a variation of the tableau
method that directly exploits the fix-point characteriaatof the logic considered: it is cut-free
and it is space efficient. In Chapter 3, we present a one passateprocedure for the unified
branching time logidJB by using a method that extends the work in [Schwendimann]1998
for PLTL. As future work, we outline how it may be possible to extenid thethod to all the
logics presented in this chapter and possibly togthealculus.

The main insight behind our approach is that, by decoratibtpiu nodes withdditional
data structures to keep track of information related toaalyevisited branches, we can detect
isolated sub-trees and therefore discard parts of the dpyenodel much earlier than with a
two-pass procedure. Moreover by using a depth first visiy one branch at a time is kept in
memory at any time (albeit of exponential size in the worsegawhich opens the possibility
of parallelizing the decision procedure by exploring diffiet branches independently.

Poor runtime performance, typical of tableaux decisiorcedures, can be alleviated by
using a simple form of syntactic caching where identicalasoappearing in different branches
of the tableau are visited only once. In this context, by tagtic equality” of two nodes, we
mean not only that the two nodes have the same charactegeingf formulae, but that they
also have the same “additional” information gathered frapl@ing other parts of the tableau.
Other more aggressive forms of caching can easily lead townmness.
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Chapter 3

A Single Pass Tableau Procedure for
Unified Branching Time Logic

In this chapter, we focus on a single pass decision procddutiee unified branching logid B

by extending the work in [Schwendimann 1998] and adaptiedwio pass algorithm presented
in [Ben-Ari et al. 1981; Emerson and Halpern 198b]B can be seen as the next step up in
complexity fromPLTL by considering branching rather than linear, time. Thudfére a
simple platform to develop a general single pass algorithnbfanching fix-point logics like
CTL, PDL andLCK.

In the reminder of this chapter we first give the syntax andasgits ofUB, in Section
3.2, we present a single pass tableau algorithmUBrusing histories and variables. The
implementation is given in Appendix 8.2.2.3. We conjecttirat the calculus is sound and
complete. The details of the proofs are still being worket but we are confident of the
results.

Note. This chapter is based on work done in collaboration with 8afgoré.

3.1 Syntax and Semantics

We present the syntax and semantics of the loffias a subset of those of the lodid L
presented in Section 2.1.

Syntax

First we summarize the syntax for the lo@d L, then we give the syntax of the loditB by
defining the operator&F andEF in terms of theCT L until operator.

Definition 3.1.1. CT L Syntax. We consider a countable 8 of propositional variables and
the connectives, A,A,(O),U. The set ofCT L-formulae is the smallest set defined using the
BNF grammar below:

25
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p = pi|pz2|--
¢ = pl-¢ 1A L[ T
|AP | 91U ¢2 | O9.

Notation. We can also define all abbreviations —, <, F, G in the usual way and we have
E¢ = -A-¢ (cf. Section 2.1). We us¢ = ( to mean that is logically equivalent tap.

From now on, we restrict our attention to the logi® which is a subset o€TL. In
particular we consider only the setldB formulae defined using tHBNF grammar below:

p = pifp2|--
¢ = plod|drVda|dinga| L|T
| AGo | AR | AX¢
|EGo |EF¢ | EXe
where

AFg :=A(TUP) = ¢V (~p AAXAF)

EF¢:=E(TU$)=¢ V(- NEXEFP)

EX¢:=-0O~¢
AX¢ = O¢

AGY = ~EF ¢
EGp = ~AF—¢

Note. We could take the view thaEF = -AG—, AF = -EG- andEX = -AX~, and give a
more terse syntax in terms of just the primitive operath@ EG, AX, A and—. However,
the present approach makes the notation of the next secttha formulation of the tableau
calculus easier.

Modal connectives are categorized as follows :
Normal eventualitiesAX andE X
Compound eventualitie®\G andEG
Iterated eventualitiesE F andAF.

Definition 3.1.2. We say that a formula is inegation normal fornif it is implication free and
all negations appear only in front of atoms. In the remainderassume all formulae are in
negation normal form.

Definition 3.1.3. Formulae in negation normal form are classified as below:
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a-formulae B-formulae
a a; | az B B | B
AGp | ¢ | AXAG || AF9 | ¢ | AXAF¢Y
EGp | ¢ |EXECP || EF9 | ¢ | EXEF¢

Ao |y VY |9 |y

FormulaeEX¢ andAX¢ are neithera- nor 3-rules as the can have an arbitrary number
of denominators. FormulaéF¢ and AF¢ are called iterated eventualities because of their
fix-point nature. Formula&X¢ andAX¢ are called base eventualities since they demand that
“eventually ¢ is true”. We sometimes writeV ¢ for iterated eventualities.

Semantics
Definition 3.1.4. A UB-model is a triple S R,L) where
1. Sis a non-empty set of states
2. RC Sx Sis a total binary relation ove$
3. L: AP— 2Sis an assignment of propositional variables to sets ofstate

Note. “total” in definition 3.1.4 means that for evesge S, there is someé € Ssuch thatsRt
In modal logic, the word “seriality” is often used to deseriuch relations.

Definition 3.1.5. A fullpath in (S R,L) is an infinite sequenc®,s;,s; ... of states such that
foreachi > 0,5 R g.1.

Notation. For the fullpathb = 5,51,%..., and anyi > 0 we write:
b; for the states
se bif for somei > 0 we haves = b

Definition 3.1.6. LetM = (SR, L) be aUB-model. The truth valué,si- ¢ of a formula¢
in a states € Sis recursively defined as follows:

1. M,sl- piff peL(s)
2. M,slk—¢ iff M,siF ¢

M,slF ¢1V @ iff M,slIF @1 or M,slF ¢

> ow

M, sl @1 A @ iff M, slF ¢y andM; sl ¢,

5. M, sl EX¢ iff 3t € Ssuch thasRtandM,t I ¢

6. M,sl- AX¢ iff vt € S if sSRtthenM.tI- ¢

7. M, sl EF¢ iff 3 fullpathsb with by = s, 3t € b such thaM,t I ¢

8. M, sl AF¢ iff V a fullpathb with by = sand3t € b such thai,t IF ¢
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9. M,sl- EG¢ iff 4 a fullpathb with b =sandvteb, M.t ¢
10. M, sl AG¢ iff V fullpathsbif by = sthenvt e b, Mt I ¢

Definition 3.1.7. A structureis a triple (S R,L) whereSis a non-empty set of stateR,is a
binary relation onS andL is an evaluation function that maps states to set of formukae
Pre-Hintikkastructure is a structure such that for s Sthe following properties hold:

Propositional Consistency:

PC 1: If avariablep € L(s), then its negatiormp ¢ L(s)
PC 2: If a €L(s), thena; € L(s) anda; € L(S)
PC 3: If B € L(s), thenB; € L(s) or B € L(s).

Local Modal Consistency :

MC 1: If AX¢ € L(s), thenVt € Sif sRtthen¢g € L(t)
MC 2: If EX¢ € L(s), then3t € Ssuch thasRtand¢ € L(t).

Definition 3.1.8. A Hintikka structure is a Pre-Hintikka structu¢g, R, L) with the two follow-
ing properties for als€ S

EF: If EF¢ € L(s) then3 a fullpathb with by = sand3t € b with ¢ € L(t),
AF: If AF¢ € L(s) thenV fullpathsb if by = sthen3t € bwith ¢ € L(t).

Definition 3.1.9. Let ¢ be a formula andS R,L) be a Hintikka structure; we say it is a
Hintikka structure forg iff for somese S ¢ € L(s).

Theorem 3.1.1.A UB formulag is satisfiable if there exists a Hintikka structure fb{Ben-
Ari et al. 1981].

Note. The following two definitions enforce a fulfilment conditidor E F-eventualities which
is stronger than Definition 3.1.8. A fullpath fulfills an eventualityEF¢ if there exists an
i > 0 such thatp € L(by) and all states frombg to bj have EF¢ in their label. That isp
is a witnessinge F-path. Intuitively, fullpathb does_mt fulfill the eventualityEF¢ if ¢ has
no witness orb, or every witness fop on b is preceded by a point om whose label does
not containEF¢ meaning thab “steps off” and stops being diF-path before reaching the
witness forEF¢. For AF-formulae,b can never “step off”, so the following definition for
AF-formulae is no stronger than Definition 3.1.8.

Definition 3.1.10. Let (SR,L) be a pre-Hintikka structure. Letfl be a function of type
(formula, fullpath) — booleandefined as follows.

true if =EV¢andvn>0[p €L(by) =3].0<j<nEVe ¢ L(bj)]
false otherwise

nfl((p,b):{
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Definition 3.1.11. Let (S R,L) be a pre-Hintikka structure. The seper{S R/L) of “open
eventualities” is defined as:

operlSRL) = {AF¢|IseS.AF¢ €L(9)
& Ja fullpathb with bp = sandnfl(AF¢,b) = true}
U {EF¢ |3scS.EF¢ cL(s)
& V fullpathsb with bg = s, nfl(EF¢,b) =true
& Jafullpathb with bg =s
&Vi>0.EFp cL(b)& ¢ ¢ L(by)}

The 29 and 39 conjuncts forEF¢ ensure that not every fullpath fro8ican “step off”.
That is, there must be at least one “procrastinator” tieser withessesp.

Definition 3.1.12. Let (SR L) be a pre-Hintikka structure. A procrastinator is a platim
(SR,L) such that there existse b and a formulap € L(s) such thatp € oper(SR,L).

Theorem 3.1.2.Let (S R L) be a pre-Hintikka structure. If opé€8 R L) =0then(SR/L) is
a Hintikka structure.

Proof. For a contradiction, assume a pre-Hintikka structi8éz, L) with opelS R L) =0 is
not a Hintikka structure. Since it is a pre-Hintikka struetuit must fail either condition&F
or AF in Definition 3.1.8.

Then there exists songa= Ssuch that:

NotAF: AF¢ € L(s) andd a fullpathb with by = ssuch thatvt e b. ¢ ¢ L(t); OR

NotEF: EF¢ € L(s) and¥ fullpathsb with by = sandvt € b, ¢ ¢ L(t).

Case NotAF. Since(SRL) is a pre-Hintikka structureAF¢ € L(s) andcy = s and vt €
c. ¢ ¢ L(t) together imply thahfl(AF¢,c) = true since the antecedent in Definition 3.1.10
always fails. ThereforeAF¢ € oper{S,R L) contradictingopen(S R,L) = 0.

Case NotEF. Since(SR,L) is a pre-Hintikka structureEF¢ € L(s) and¢ ¢ L(s) implies
EXEF¢ € L(s). Hence there exists a fullpatit with b} = sandEF¢ € L(b}). By NotEF
we must havep ¢ L(b}). HenceEXEF$ < L(b}). By repeating this reasoning we can
construct a “procrastinator” fullpathr = bo, b}, b3, --- such thatg ¢ L(b!) for all i > 1 and

¢ ¢ L(bp). Hencenfl(EF¢,m) = true meaning thaEF¢ < oper(S,R L) and contradicting
operflSRL)=0.

Thus for anyEV¢ € oper(S,R L) there is at least one “procrastinator”. Conversely, if we
have a pre-Hintikka structure in which there is no “prodresbr” for EV¢, thenEV¢ must
be fulfilled. The tableau calculus presented in the nexi@eist tracks “procrastinators” up
towards the root of the tableau. If no “procrastinator” sues the trip, then the pre-Hintikka
structure built from the tableau is a Hintikka structured &lence a model for the formulae in
the root.
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3.2 A One-pass Tableau Algorithm forUB

A tableau is a systematic search for a model. The tableab®itonstructed as a tree of nodes
with each node labelled with a set of formulae that is deriverdh the original formulae in the
root. The structure built by the tableau procedure is aasetiwith a pre-Hintikka structure.
If the set of unfulfilled eventualities computed by the pihaoee at the root node is empty, this
structure gives & B-model since the associated pre-Hintikka structure isadlgta Hintikka
structure.

The main difference with traditional calculi for non-class logics is that our decision
procedure stores additional information with each nodeusTkach tableau node consists of a
set of formulae, a set of histories and a set of variables sfohyi is a mechanism for collecting
extra information during proof search and passing it fromepts to children. Histories are
therefore modified from numerator to denominators in sortesrA variable is a mechanism
to propagate information from children to parents. Vaeakdre modified from denominators
to the numerator during backtracking.

More formally:

Definition 3.2.1. A node is a triplel” :: H :: V wherel is a set of formulaeH is a set of
histories, and&/ a set of variables that are synthesized.

Definition 3.2.2. A tableau for a sef is a tree of nodes with ro®t:: H ::V where the children
of a node are obtained by an application of a rule to the nodesay that a rule is associated
with the parent node and conversely, a node is associatbdhatnumerator of a rule. A node
is terminal if it is associated with an application of a temalirule. We say that the tableau is
expandedf each leaf node is obtained by an application of a terminkd.rA node is saturated
if no static rule is applicable to it.

Definition 3.2.3. Every node of an expanded tableau igra-state A literal is an atom or a
negated atom. Atateof an expanded tableau is a node of the fdEXdl; AXA; A whereA
contains only literals. If the set= EXI'; AXA; A is a state, then the sép} UA with ¢ € T

is acoreassociated with thE X¢-successor of state Also, since each branch can be “open”
or “closed” or “loop”, the expressions “not open” and “cldé@re not synonymous. Similarly
“not closed” and “open” are alsoot synonymous.

Note. Branching rules are applied depth-first and left-to-righthwespect to the rule definition:
that is, the left branch is always explored first and if it i$ @pen, the right branch is explored.
Transitional rules are applied depth-first and left-tdatigyith respect to the rule definition: that
is, the left branch is always explored first and if it is not €4d, the right branch is explored.
Linear rules are treated as re-writing rules.

Definition 3.2.4. A node in aUB-tableau is a triplé” :: H :: V where:
I is a set of formulae as usual,
H consists of two histories calldeéevandBr where

Fevis a set of (eventuality) formulae fulfilled between two cenigtive applications of
(EX)-rules,
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Br is a list of pairs, of the forniCore Fev) where the first component of the pair is a
set representing the core that led to a state, and the secomgboent is a set of
the iterated eventualities that were fulfilled by this bfaitcreating that state out
of theCorg

V consists of one variable callegevwhereuevis a list of pairs(¢,n) where¢ is anAF or
EF formula andn is an integer. This variable tracks “procrastinators”

UB-tableau rules are characterized as follows:
Terminal Rules(id), (block)
Linear Rules (M), (AG), (EG), (D)
Universal Branching RuleSEF), (AF), (V)
Existential Branching RulegE X)
Static Rules(A), (V), (AG), (EG), (EF), (AF)
Transitional Rule (EX).

Notation. We useBr[j] to denote thejth element(Core;j, Fev;) of the listBr. We use, respec-
tively, Br[j].coreandBr([j]. fevfor the first componentore; and the second componefy;

of the pairBr[j]. We use the symbol “.” to append one element to the front aftaWe use\

to stand for a set containing only literals and/or constafagocus on the “important” parts of
the rule, we use “...” for the “un-important” parts which raim unchanged in passing from
node to node e.g(l" :: --- ::--+) . In the following we use the symbol “=" to assign values to
histories or temporary information holders and “:=" to gssvalues to variables.

3.2.1 The Rules

Linear Rules.
oAy ;T ...
W g P e BeET
AGo ;T - EGp ;I
(AG) ¢; AXAGH ;- (EG) ¢, EXEGH;T -

The (A) rule is standard andD) enforces seriality. Th¢AG) and (EG) rules capture the
axiomsAGe «— ¢ ANAXAGH andEGY «— ¢ N EXEGp respectively.

Universal Branching Rules.

EF¢ ;T ::FevBr:: uev
¢; T {EFp}UFeyBr:uev | EXEFg¢ ;I :: FevyBr:: uew

(EF)

AF¢ ; T :: FeyBr:: uev

AF
(AF) ¢; T {AF¢p}UFeyBr::ueu | AXAF¢ ; I :: FeyBr ::uew
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ovy; - iuev
(v) ;- uevw|Y; M- luew
where in the(EF), (AF) and(V) rules :
fixy) = A{il(xi) ey}
UEF = {(EFy,n)| f(EFy,uev)#0& f(EFy,uew) #0
& n=min(f(EFy,uev) U f(EFy,uew)) }
UAF = {(AFy,n)| f(AFy,uev) # 0 & f(AFY,uew) #0
& n=max(f(AFy,uev) U f(AFy,uew)) }
uev if uew = {(false, )}
uev = { uew if uey = {(false, )}
UEFUUAF otherwise

The(EF) and(AF) rules capture the fix-point nature of tB& andAF modalities respectively:
thatis,EF¢ « ¢ VEXEF¢ andAF¢ — ¢ vAXAFp. The(EF) rule addEF ¢ to Fevin the
left denominator indicating that this denominator fulfiteteventualitye F¢. The rule(AF)
behaves in a similar way. THe) rule is standard except for the computation of ties

The criteria for computingievare as follows:

o if either branch is “closed” then keep the other uev. If bath ‘@losed” then theiev=
uev = {(false,_)}.

o if eitheruevy or uew is empty because it has no “procrastinators”, then the natoieis
empty becausd EF = UAF =0, hencdJEFUUAF = 0.

e if both are not “closed” and both contain “procrastinatotsienU EF UUAF constructs
their “intersection” (sic!).

The crucial point is to simply ignore the notion of “open” dffidlfilled”.

Existential Branching Rule. The following rule(E X) is a traditional modalK) rule written
in an unusual way: the first branches continue to explore the proof tree for all eveitiegl
that meet the side conditior{i} since the cord ¢;} UA of theit" child does notyet appear in
Br. The(n+ 1)S branch contains all eventualities that are blocked: thiéyHia side condition
because their core® appear irBr.

The only applicable rule to th@+ 1)t denominator is théblock)-rule. Each denominator,
1 <i < n, updatesBr by adding({¢;} UA,Fev) to the head oBr so that descendant (state)
nodes that would recreate this core by applying (B&)-rule fail the side-condition. Each
denominator, X i < n, also empties itev. Since the firsh denominators are children of the
(EX) node, emptyind-ev“resets” this history to now track the iterated eventuaditivhich are
fulfilled between the new children and the néktX) node. The(n+ 1)St denominator keeps
Fevsince it is required by théblock)-rule. By the strategy (described later) and the (e,
the set{ EX¢1,...,EX¢n} UEXT # 0, but if {EXé1,---EXdn} = 0, then thg EX)-rule is not
applicable.
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EX¢1;...;EXn; EXT; AXA; A

(EX) - FevBr :: uev
¢1; A on; A EXI; AXA; A
20,Bryiuey ||| 5 0,Brpiiuew || i FeuBr:iuewi
(1) ¥(n) t
with :
n>1

(i) is the conditionvj . j <len(Br) = {¢i} UA # Br[j].core
1 is the (blocking) conditioivy € I . 3] > 0 such thaf ¢} UA = Br[j].core

and where for Ki<n:
Bri = ({¢i} UA,Fev).Br

| =len(Br)—1

UEV =U] T uey
) UEV if (false,) ¢ UEV andV(_,n) e UEV .n<|
uev:= )
{(false,0)} otherwise

We setuevto {(false,|)} meaning that this branch is closed, either because sonukdftifie
(EX) rule is closed, that i§(false, )} € UEV or because there exists a child that contains
an iterated eventuality that looggrictly lower (ie. 3(_,n) € UEV.n > [). In the latter case,
this means that there exists an iterated eventuality incthikd which cannot be fulfilled in this
tableau by following a path starting at that child. Theseaamects of the completeness proof
to come.

Note. The (EX) rule is an unusual rule compared with classic tableau sysfermodal logic

with loops (e.g. $4). The reason for this difference is the fix-point naturelef togicU B.

In $4 all loops are “good”, meaning that a loop in the tableau génveorresponds to a loop

in the model and therefore the search procedure does nottogexiform any action when a
loop is detected. Conversely, B, because of the presence of “procrastinators”, the search
procedure needs to modify the value of the variald® to track the eventualities that have
“procrastinators” in the current model. The calculus cafer this important difference by
applying the(block) rule to all eventualities that have been blocked and syitingsthe value

of the variableuevin the (block) rule (below).

Terminal Rules.

EXI; AXA; A\ FeyBr::uev

(id) Stop

{=pip} CA

whereuev:= {(false,len(Br))}

EXI; AXA; A::FeyBr:: uev

block
(block) Stop

{-pp} ZAand T
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where 7 is the conditiony € I . 3] > 0. {¢y} UA = Br([j].core and

Cores = {{EF¢}UA|EF¢ T}

UAF = {(AF¢,i)|3ceCoresdi such that = Br[i].core
& Vj.i<j<len(Br) = AF¢ € Br[j].core& AF¢ ¢ Br|j].fev}
UEF = {(EF¢,i)|3isuchtha{EF¢}UA=Br|i].core

&Vj.i<j<lenBr) = EF¢ € Br[j].core& EF¢ ¢ Br[j].fev}
uev = {(¢,n) cUAFUUEF |y ¢ Fev}

Note. The (block)-rule and the(id)-rule are mutually exclusive since their side-conditions
cannot be jointly true. Théblock)-rule and thg E X)-rule are also mutually exclusive for the
same reason.

The(block) rule is applicable only if no other rules are applicable dmeloks whether there
are blocked eventualities in a fully saturated node. Thauseéch eventuality, there exists an
element irBr with indexi that corresponds to the core that would be generated frooutinent
node by creating afE X)-successof ¢ } UA for the set{EX¢ } UAXA. The (block) rule sets
uevto be the set of all blocked iterated eventualities for witleh branch from the target of
their loop to the current leaf is an unfulfilling “procrasdtor”. Then an iterated eventuality
EVY has an entry in the sekvif the following three conditions are simultaneously true:

e The node{EV¢ } UAis equal toBr|i].corefor some index.
e EV¢ € Br[j].coreforall j,i<j<len(Br)
e EV¢ ¢ Br[j].fevforall j,i < j<len(Br).

The first condition is the blocking condition, the secondditan makes sure that the branch
we are considering is a “procrastinator” for the iteratedrauvality EV¢: that is, EV¢ is
present in every core from the loop point to the leaf. Thedthondition makes sure thgtv ¢

is not fulfilled on the branch from the loop point to the ledfthie setE XI" U AXA contains no
iterated eventuality themevis the empty set. More importantly, if every blocked evelities

is fulfilled between the loop point and the leaf (without fgbéng off”) the setUEV is also
empty since there are no “procrastinators”.

Remark.In traditional tableau, “Open” usually means “satisfiabietause the decision pro-
cedure ensures that if no more rules are applicable, thewetitualities are fulfilled and every
node is consistent. However, because of the fix-point naifitéB, in our tableau calculus,
“Open” does not necessarily meélB-Satisfiable. Nodes are marked “Closed” by setting
their uevequal to{(falselen(Br)} using information that is synthesized from the leaves on
backtracking.

3.2.2 The Search Strategy

The tableau calculus we present uses a standard decisioadpre (or strategy) where all
static rules are applied first to saturate the node and theetrahsitional ruldE X) is applied
once. When no other rules are applicable, (fleck) rule checks whether we stop because:
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(a) we have found a “procrastinator” loop where a node repdait there are eventualities
on this branch that cannot be fulfilled even in an infinite nemaf iterations of this
loop;

(b) we have found a “good” loop where a node repeats and afiteabties are fulfilled in
the branch;

Note that sinc&J B enjoys seriality, there are no dead ends, that is every faaEdableau
is either an instance of théd)- or (block)- rule.

Proposition 3.2.1(Termination) A UB-tableau for a node :: FevBr :: uev always termi-
nates.

Proof. The tableau can contain only formulae from the Fisher-Ladt@sureFI(¢) which

is finite. Since no rule creates a formula outskl€¢), there are only a finite number of
different nodes possible. In particular there are only adinumber of different possible cores.
Consider any branch. The systematic procedure works bkibgeap formulae with all static
rules and then applying th& X) rule. Then we have two possibilities: (1) we apply i)

or the (False) rule and stop, (2) we apply th@lock)-rule and loop because the same core
reappeared. Since this holds for every branch and therecanafinite branching rules, the
procedure must terminate.

3.2.3 Example

We show a fully expanded tableau for the tautolédyp — AF@. Note that the tableau proce-
dure first negates and then transforms the formula in nnfrefbee the procedure will attempt
to build a tableau for the formula G-¢; AF .

EG-¢;AF@
i Fev=0,Br=]
muev= {(false,0
{( )} Ee
-@,EXEG-@;AF¢@
:Fev=10,
uev= {(false,0)}
AF
—0, 0, EXEG-¢ -, AXAFQ,EXEG-¢
:: Fev=AF@,Br =] :: Fev=0,Br = [(EG~@; AF @)]
:muev={(false,0 :uev={(false,0
{( )} d {( )} Ex
Stop EG-@;AF@
.- Fev=0,Br = [(EG-@;AF@)]
uev= {(false,0
{( )} G
@, EXEG-@;AF¢@
:: Fev=0,Br = [([EG~@; AF @)]
uev= {(false,0)}
-@; ;EXEG-@ —@; AXAFQ,EXEG-¢
:: Fev=AF@,Br = [(EG~@; AF )] :: Fev=0,Br = [([EG~@; AF @)]
ruev= {(false,1)} uev={(AF@,0)}

Stop Stop

AF

Loo
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The procedure first applies all invertible rules and themitre-invertible ruleE X. The ap-
plication of the axiormd sets the variablaevequal to{(false,1)}. The loop rule conversely
assigns to the variablgevthe set{ (AF@,0)}. The variableuevis then modified according to
the side function of thé\F rule (see page 3.2.1) and propagated toward the root. Theatab
is closed because the setvis not empty.

3.3 Soundness and Completeness

The tableau calculus presented in this chapter has beerrnmepted with th& WBand tested
with over 10000 randomly generated theorems (see Appendi®.8). This empirical evi-
dence make us confident of its correctness. Nonethelessltiuefails of the proofs are rather
involved and complex. We conjecture that the logic is soumdl @mplete, but we have not
completed the work. The proof is a significant generalizabbthe ideas in [Schwendimann
1998; Ben-Ari et al. 1981; Emerson and Halpern 1985] and egpotentially extended further
to other calculi for fix point logics such as LCK, PDL, etc.

Conjecture 3.3.1.If .7 is an expanded tableau f@rwith root ¢ :: Fev Br :: uey, with uev= 0
theng is satisfiable.

Conjecture 3.3.2. If a formula ¢ is UB-satisfiable then there exists an expanded tabieau
with root ¢ :: --- :: uevwhereuev= 0.

3.4 Two pass decision procedure

A decision procedure for deciding satisfiability of tempgdogic UB andCT L is presented in
[Ben-Ari et al. 1981; Emerson and Halpern 1985]. It is basedadwo pass algorithm that
first built a pseudo-model and then, in a second pass, prunésili classically and modally
inconsistent paths. This method has been applied to difféeenporal and epistemic logic and
it is similar to Pratt's method for deciding satisfiabilit§ BDL.

In more details, the first pass aims to build a pre-Hintikkacttire by using a tableau-like
procedure. The size of this structure is alway& P wherep is the initial formula and the time
required to build this structure is exponential in the sikzthe initial formula.

The second pass considers the pre-Hintikka structure apigam bottom-up procedure to
prune all inconsistent nodes. First all nodes containiagsital inconsistencies are removed
from the pre-Hintikka structure. Then the procedure focugpaths - sequences of nodes in
the pre-hintikka structure - that contains eventualitied aire not fulfilled. By using a marking
algorithm, nodes as part of a path, are examined from the$etavthe root and are removed if
they contain an eventuality that is not fulfilled in the cutrpath.

If at the end of the second pass, the resulting structuretismpty (because all nodes were
removed) then the structure is a model for the initial foraul
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3.5 Extensions to Other Fix-point Logics

The calculus presented in Section 3.2 potentially lays dldation to give calculi for other
fix-point logics such a€TL, LCK, PDL. In the following we detail the extension @r L. The
extensions foCK andPDL are similar.

CTL The extension t&€TL is straightforward, as the only difference frdgB is the until
operator (here we omit the rule for the operator before diuahtl). All other rules are similar,
except for(AF), (EF) and(block) rules which are modified similarly as follows:
(EU) E(pUy),I :: Fev,Br:: uev
Y, :EF¢.FevBr::uev | ¢,EXE(UY),T :: FeyBr :: uew

AU Y),T :: Fev,Br:: uev

AU
(AJ) Y, AF¢.Fev,Br::uev | ¢, AXA QU Y),T :: Fev,Br:: uew

The new conditions to compute the value of the varialgeas follows:

fxy) = {il(xiey)

UEF = {(E(@U),n) | fE(@UY).uew)#0& f(E(PUW),uew) # 0
& n=min (f (E(U),uew) U F(E(QU ), uew)) }

UAF = {(A@UW),n | F(AQUW),uew) # 0 & f(A(PU ), uews) # 0
& n—max(f (A($U ), uew) U f(A($U ), uew)) }

uev if uew = {(false, )}
uev = uew if uey = {(false,.)}

UEFUUAF otherwise

EXI; AXA; N\ FeyBr::uev

(block)
Stop

{-pp} ZA
The new block rule conditions are:

Cores = {{E(pUY)}UA[E(PUY)eT}

UAF = {(A(¢Uy),i) |3 ceCores3isuch that = Br|i].core
&Vj.i<j<len(Br)= A(¢U ) € Br[j].core
& A(@UY) ¢ Brlj].fev}

UEF = {(E(¢Uy),i)|3isuchthafE(¢U )} UA = Brli].core
&Vj.i<j<len(Br)= E(¢U ) € Br[j].core
& E(9UY) ¢ Br[j.fev}

uev = {(¢,n) e UAFUUEF | ¢ ¢ Fev}

LCK. SincelLCK is a multi-modal logic, adapting our technique requiresdd ane non-
invertible (K)-like rule for each agenfg) and adding an expansion rule for the common knowl-
edge operatofC) (cf. Section 2.2) as:
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(@)¢;[&A A

(@ P

(C)¢,T :: Fev,Br:: uev
(E)¢ :: (CY¢p.Fev,Br::uev | (E)(C)d,I :: Fev,Br:: uew

((©)

The rule for(E) and[E] are just re-writing rules capturing their definitions asraviations in
Section 2.2.

PDL Extending this method tBDL will be equally easy where theoperator will be handled
as follows wheretis an arbitrary program:

(rr)¢,T - FevBr:: uev

() (m¢ = (m)¢.Fev,Br:iuev | (m)(r*)¢,I :: FeyBr:: uew

We are not sure whether extensions to more complex logicasCh L* or theu-calculus
are possible.

3.5.1 Algorithmic Aspects

The decision procedure based on the tableau calculi$Batescribed in the previous section
is obviously a depth first search of the proof tree that is-bieptep generated by the appli-
cations of the tableau rules, with a backtracking strategyired to synthesize the variable
component in each node.

Schwendimann shows that is possible to use the back-junggitignization in his calculus
for PLTL It should also be possible to adapt simplification to theggck to speed up the
search procedure. Other optimization techniques requithdr careful investigation.
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Chapter 4

A General Tableau Prover

This part consists of Chapters 4-8 in which we present thée@als Work BenchTWB, a
generic framework designed to implement tableau-basedreaied theorem provers. In Chap-
ter 4 we give our motivations to develop th&/Band we outline a number of issues related
to the design of generic theorem provers. In Chapter 5 we @jigietailed description of the
TWBdesign. In Chapter 6 we present thé/Bsyntax to define tableau provers from a user’s
perspective. In Chapter 7, we give examples of calculi imgleted with theTWBand ex-
perimental results. Finally, we conclude in Chapter 8 wittbpenparison with other theorem
provers and an outline of future work.

4.1 Introduction

Automatic theorem provers for non-classical logics can lassified into two main classes,
direct and translation provers:

Direct provers are based on different methods, such as resolution [Nietlial. 2000] or
tableau [Goré 1999] to directly perform deduction on sfietbgics. Theorem provers
such ag-aCT [Horrocks and Patel-Schneider 1998RCT++ [Tsarkov and Horrocks
2006], RACERHaarslev and Moller 2001] use the tableau algorithm angeHazeen
successfully employed by the description logic commurotyelason with considerably
large knowledge bases. Provers like th&B[Heuerding 1996] andlotrec  [Gasquet
et al. 2005] have been engineered as general provers amdalgftgithms for multiple
logics. Provers like&K SAT[Giunchiglia and Sebastiani 1996] use a version of the Davis
Putnam procedure modified for modal logic.

Translational provers utilise the correspondence between first-order logic andanimg-
ics. They use a first order theorem prover, IRBASS[Weidenbach et al. 2002] or
Vampire [Riazanov and Voronkov 2002] and a rather complex tramsiatid a subset
of first order logic that guarantees complete reasoning.mds well known example of
a translational theorem prover for modal logidMSPAS$Hustadt and Schmidt 2000].

Outside this classification, there exists proof editorat #re not specifically designed for
modal logic, but which offer rudimentary search facilitidsnong other existing proof editors,
we mentionxpe [Mouri 2001], JAPE [Bornat and Sufrin 1997] anBESCARanta 2000].
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On the other side of the spectrum, interactive theorem psoplige Isabelle  andCoq,
based on the Curry-Howard isomorphism between typeglculi and intuitionistic logic can
be used to give decision procedures for non-classical lmgic A detailed comparison with
other provers and thEWBis given in Chapter 8.

4.2 Motivations and Target Audience

Theorem provers for non-classical logics have now maturachdtically in the last decade. On
the one hand, highly optimised and specific theorem provamngest formulae with hundreds
of symbols within a few seconds [Haarslev and Moller 20@Lj. the other hand, the scientific
community has put great effort into making this processimg expressive power available to
a non-technical audience through simplified user intedacel by theorem prover frameworks
like the LWB[Heuerding et al. 1995] that implement a large humber ofdegi

Highly optimised direct theorem provers utilise many d#iet optimisation techniques to
speed up proof search in particular logics, while transfeti provers utilise translations into
first-order logic and fast first-order theorem provers. Hesvdhese avenues are not always
viable when experimenting with logics that are not direatiyplemented: for exampld;aCT
cannot handle logics with an intuitionistic base; and altifotheL WBcan handle intuitionistic
logic, it can handle only a fixed collection of logics.

The LWBhas been engineered to be easy to extend thanks to its maldsigin and pol-
ished API. However the knowledge of a programming language (C/C+a)ige-requisite to
write a new module, making it unpalatable to non-techmcai/programmer researchers.

MSPASSjives a sound and complete prover for any first-order defnaljiic, buta priori
it gives a decision procedure only for the ones that fall shegidable fragments of first-order
logic like the two-variable fragment, or the guarded fraginéndeed MSPASSas over 128
flags, and it is not at all obvious how to obtain a decision pdute for a particular first-order
definable logic usingISPASS

On the other side of the spectrum, generic automated tablesed provers like
Blast _tac [Paulson 1999] andlotrec [Gasquet et al. 2005] provide facilities for exper-
imenting with new tableau calculi. As far as we are aware,ahlg system which allows a
user to experiment with different optimisation techniqudierent proof-search strategies and
different tableau calculi together Itrec , which we discuss in detail in Section 8.1. In
particular, all theorem provers cited above, with the ekoepof Lotrec  do not allow a user
to easilyexperiment with different history/dynamic-blocking mediisms which are important
techniques to implement theorem provers for many non-cladegics.

The Tableaux WorkBenchTWB is a generic framework based on tableau algorithms,
specifically designed for expressing and combining newetablrules into an underlying
tableau proof (and disproof) engine. It provides a simpt-irsterface and facilities to specify
decision procedures and to experiment with optimisatiechriques. The main motivations
to create th& WHBramework were:

1. To create an easy to use tool to allow a non-technical aodito experiment with non-
classical logics;

1application Program Interface: Routines that extend alagg's functionality.
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2. To create a modular framework to experiment with and berack different calculi and
optimisation techniques;

3. To explore and expand the potential of tableau methods;
4. To experiment with decision procedures for fix-point t=gi

The target audience of ti@NVBdivides into three main categories:

First theTWBcan be use to experiment with new logic systems by those whwtlbave
the technical skills to modify existing theorem proversisas theLWB The TWBs meant to
be a tool to quickly mechanise logical systems with minor ifications from their “pen and
paper” formulation. The interface of tHBNVB albeit limiting for skilled users, is designed to
be intuitive and close as possible to the traditional waypeicsying logic.

Second, theTWBcan be used as an aid to teach automated reasonifige similarity
between the syntax of thHEWBand the syntax found in the literature [Goré 1999], gives ed
ucators more time to concentrate on automated reasonimgtaspithout distracting students
with complicated programming techniques.

Third, the TWBcan be used by expert users, with programming skills, tadbtilstom
theorem provers. Since thBWBIs built on top of the OCaml programming language, it is
easy to access and modify existing data structures and tonsise the default proof search
algorithm. Moreover, th& WBhas a modular design and each module offers a “side effext fre
API in terms of high-order functions, making it easy to mgdipecific components without
compromising the soundness of the overall architecture.

4.3 Anatomy of a General Tableau Theorem Prover

Tableau calculi and all other variants like labelled tablfdassacci 2000], semantic tableau
[Fitting 1983], sequent calculi [Gentzen 1935], hyperssgs [Avron 1996], etc. can be char-
acterised by their common underlying algorithm. From arrabspoint of view,proof search
in this context consists of building @roof treeusing a finite set ofules In this section we
analyse a number of issues to consider when designing aaj¢sigleau-based theorem prover.
Most of the considerations in this section will clarify thesign criteria that guided the devel-
opment of theTWB

4.3.1 Tableau Methods

Tableau calculi can be viewed as algorithms that search éolets of a given formula (the se-
quent method, on the other hand, views the proof tree can&trunot as model building, but
as proof-search). Tableau methods are one of the most #esdthtuli for automated reason-
ing. Modularity, efficiency and simplicity make tableau mmads palatable to cleanly specify
logical systems from a proof theoretical perspective. @os®ly, from an automated reason-
ing point of view, tableau methods can be easily mechanigaddking the search algorithm
deterministic. Having the possibility to control and fineéuthe search procedure gives to

2Currently, theTWBdoes not provide tools to implement first order logics. We aitend the user interface to
support quantifiers as future work (cf. Section 8.2)
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tableau algorithms greater flexibility to explore and to lempent a large range of problems.
In particular:

Modularity: Tableau methods have the convenient property of being rapduld make it
easy to adapt one logic to another by just modifying a fewsraled the decision proce-
dure [Fitting 1983]. For example, tableaux for basic modgid can be built on top of
tableaux foICPL by simply adding rules to handle modal connectives.

Efficiency: Tableau methods are reasonably efficient. Naive tablesaidegmed to be inef-
ficient for large problems, but experimental evidence shuat they are as efficient as
other methods if adequate optimisation techniques aremmgpl[Massacci 1998; Mas-
sacci 2000; Horrocks 1997]. To this end, it is essential hoaee non-determinism from
the decision procedure, so as to minimise backtracking.

Simplicity: Tableau methods allow a very natural formulation of logggdtems and offer a
straightforward avenue to generate readable proofs anchieg models.

From an automated reasoning perspective, there are a nwhtesirable elements that
are important when implementing decision procedures basede tableau method:

Tactic Language: Naive tableau methods do not specify the order in which ratesapplied
during proof-search. A tactic language is important to clemgnt and extend a tableau
calculus specification and therefore to design efficienisitat procedures. By remov-
ing the inherent non-determinism of tableau methods, thechespace can be greatly
reduced, making problems with high complexity tractablgrenaverage case.

Histories: Tableau calculi do not always ensure termination of thesiletiprocedure. In par-
ticular, tableau calculi that do not enjoy the analyticd)-6ormula propriety can run into
cycles. Different methods have been developed to re-gairitation in such cases. His-
tories or blocking techniques, among others, have proveitpkrly successful [Howe
1998; Horrocks 1997; Heuerding et al. 1996].

Variables: Similar to histories, where information is passed top-dovariables can be used
in tableau procedures to propagate information bottomeg@anding already explored
branches during the search procedure. In conventionaaalgalculi, we can imagine
that the information regarding the “status” of a branchrfgespen or closed) is stored
in a variable passed from the leaves to the root.

Note. sequent-based procedures and tableau-based proceduresseatially be seen as two
different sides of the same coin. In the following, we focustableau methods, but it is easy
to see that this choice is more related to the author’'s praéer than to any technical reason.

4.3.2 Mechanizing Tableau Methods

In our context, tableau rules can be generically seen adifmscto transform a node into a
list of nodes during the construction of a graph. Thus, anuleeratorcan be seen as a pat-
tern that matches formulae in the current node by uingiula schemas pattern identifiers.
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We say that a rule igpplicableif the numerator of the rule matches the current node. The
denominatorsf a rule represent actions to expand the graph. The numeradains one or
more distinguished formula schemas calpethcipal formulaeand one or morside formulae

We usemeta-variables AB,P,Q,--- to represent principal formulae aixdY, Z for, possibly
empty, sets of side formulae. We also wrteX to mean{A} U X. In the following we consider

a generic tableau algorithm that is not tied to any specifieclowe start by formally defining
arule.

Definition 4.3.1. A rule is a tuple(C, D, B) where:
C is afunction that checks if the rule is applicable to a nuatcer
D is a function that transforms a node into a list of (denomntnanodes,

B is a function to check if the proof tree that results from terent node respects a logic
specific backtracking condition.

In the literature, tableau rules are often written as:

n

wheren is the numerator, whil@; ...dy, is a list of denominators. Both and eachd; is a
formula schema. Formula schemas are used in the searchdpredepartition the current
node and to associate formula instances to meta-variables.

Below, in the in thg A)-rule shown on the hand side left, the numerator specifiestdipa
of the current node which instantiates the meta-variaBlasdB respectively to the first and
second conjunct of the principal formukaA B while instantiating the meta variabito all
other formulae in the node. For ttiK)-rule on the right, the numerator specifies a partition
of the current node which instantiates the meta-vari&bte the immediate sub-formula of
OP, instantiateX to the set of immediate sub-formulae of alfformulae and t&Z all other
formulae in the node. Note that since aliformulae are matched by the schemX, this
implies that the seZ will be [-free.

ANANB;Z OP;0OX;Z
K —5~—

() AB;Z P; X

We now define the rule graph as in [Brotherston 2005].

Definition 4.3.2. Let .Z be a logic and” be the set of all sets of well-formed formulae 4.
Let # denote a set of rules. Then we defineike graphby (V,s, p,r), where:

e Vis a set of vertices (or nodes),
e s:V — ¥ is alabelling function which maps each vertex to a set of tdam,
e 1.V — Zis alabelling function which maps each vertex to a rule

e p:V — V"is a labelling function which maps a vertex to a set of vegticé/e write
p; (v) for the j*" component of(v);
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e for all ve V, the componenp;j(v) is defined when (v) is a rule withm denominators,
s(v)
S(P1(V)) - - S(Pm(V))

A pathin a rule graph is a sequenggjovs j1 - -- such that for each> 0, v 1 = p;j, ().

1<j<m and

is an instance of rule(v).

Definition 4.3.3. A rule graph(V,s, p,r) is aproof treeif there is a distinguished nodg €V
such that for ally € V there is a unique path fromg to v. We callvg theroot of the tree. A proof
tree is aderivation treeif the root is a set of formulae respecting a logic-specifioditon.

Definition 4.3.4. Let .¥ be a set of well formed formulae amd a set of rules. Adecision
procedureis a sequence of steps that builds a finite proof tree by amgplyiles from#% to an
initial set of formulae in¥.

Rules build a proof tree from an initial node containing atéirset of formulae. Tradition-
ally, logicians focus on the existence of a derivation tegber than on the means by which this
derivation is found. Conversely, automated reasonerssftigir attention to design algorithms
to search for a derivation tree as efficiently as possiblemFa theoretical point of view, it is
therefore not important to specify the order in which rules @pplied as long as there exists
a sequence of rule applications which builds a derivatiee.tBut from a practical point of
view, specifying a particular order can dramatically spepdhe search and construction of a
proof tree. Moreover, since different rule sequences cadume different derivation trees, an
efficient decision procedure should always try to build threalest derivation tree.

We are mainly interested in building efficient decision maares based on tableau meth-
ods. Itis therefore important for us to classify rules usasgects related to the mechanization
of tableau calculi rather than semantic aspects. A decimooedure can be characterised by
two mutually linked procedures: one that builds the proeétpoy applying rules, and one that
visits this proof tree searching for a derivation tree. Wssify rules as follows:

Linear rules: the backtracking condition is true tifie denominator respects a logic specific
condition.

Universally branching rules: the backtracking condition is true if and only if the proads
that stem fromeachdenominator respect a logic specific condition. We ys&o*‘sepa-
rate the denominators of such rules.

Existentially branching rules: the backtracking condition is true if and only if the proafer
that stems fronsomedenominator respects a logic specific condition. We yBetd
separate the denominators of such rules.

Conditionally branching rules: the backtracking condition is true if and only if the proof
tree that stems fronthe/each/somedenominator respect(s) a logic specific condition.
We use f||” to separate the denominators of such rules.

In the literature, rules are also respectively classified-asles (linear rules)B-rules (univer-
sally branching rules), and-rules (existentially branching rules) [Fitting 1983].rlexample,
in CPL, the (A)-rule is a linear rule since the tableau for the numeratolosed if and only if
the tableau for the (only) denominator is closed. TVhruile:
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W) AV B;Z
AZ|B;Z

is a universally branching rule since the tableau for the enaor is closed if and only if the
tableau for both (all) denominators are closed. The detestig (K)-rule from the basic modal
logic K (note that the pattern matching here implies that th& setdiamond- and box- free):

OP...0OR;OX;Z

det-K
Pr; X[|P; X[ ... [[Pn; X

is an example of an existentially branching rule since theemator is closed if and only if the
tableau for some (one) denominator is closed.

Note. The double bar|{” intuitively means: “If the sub-tableaR; X is open, then explore the
sub-tableau foR_ 1; X”. This is opposite to the single baf"traditionally used to specify the
(V)-rule : “if the first branch is closed, then explore the secbrahch”.

Conditionally branching rules are a generalization of arsally and existentially branch-
ing rules: thdJ-rule for PLTL (see Section 7.1.2) is an example.

4.3.3 Removing Non-Determinism

In the literature, the specification of logical calculi ofteides a great deal of non-determinism
which is commonly accepted by logicians. However, to impatran efficient theorem prover,

it is necessary to make the decision procedure deternuinistigeneral, we can identify three

forms of non-determinism associated with three fundanheagpects of a generic decision
procedure for tableau methods:

Node-choice: the visit algorithm determines which leaf node (amongstypsmexpand.

Rule-choice: the strategy algorithm determines which rule (amongst mamwapply to the
current node.

Formula-choice: a heuristic procedure determines which principal formalagngst many)
in the current node is chosen.

Formula-choice is also characterisealag’t carenon-determinism while node-choicedmn’t
know non-determinism. Adon’t care non-deterministic choice is an arbitrary choice of one
among multiple possible continuations for a computatidifavhich return the same result.
A don'’t knownon-deterministic choice is one choice among multiple ibtssontinuations,
which do not necessarily return the same result. For coemdss in a tableau calculus, it
is often sufficient to assume that all choices dom’'t knownon-deterministic. However, a
deterministic algorithm based on this assumption will besrely inefficient since it has to
consider all possible continuations for all choices. Theseforms of non-determinism are
related to the traditional notion of invertibilit3.

3A rule is invertible if whenever the numerator has a derorgo do/does all/some denominator(s).
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P;OX:;Z P ...ORP;;0OX;Z P;OX;0Y:;Z
OP0X;Z (det-K) OR1... 0P, (rec-K) OPOX;0Y;Z
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Figure 4.1 Alternative definitions of th& rule for basic modal logic.

4.3.3.1 Formula-choice.

A don't carenon-deterministic choice is usually related to optimmatiechniques based on
logic-specific considerations used to reduce the size of#laech space. Heuristics such as
MOMS [Freeman 1995] (Maximum number of Occurrences in digjions of Minimum Size)

or iIMOMS [Freeman 1995] (inverted MOMS) order the formuladhie node to always choose
the less/more constrained disjunct, which, in principlesd lead to an earlier clash.

Other more specialized heuristics such as Maximise-Jurips¢cks and Patel-Schneider
1998] are designed to work with optimisation techniquee black-jumping. The Maximise-
Jumps heuristics is designed to choose the formula for wtiiehmaximum back-jumping
identifier is minimal and therefore if it leads to a clash,lwikximise the effect of the back-
jumping procedure.

4.3.3.2 Node-choice.

The traditional formulation of the rul& for the basic modal logic, as shown on the left of
Figure 4.1, assumes implicit backtracking on the choicerinicipal diamond formulae since
there may be other diamond formulae in thegeto mechanise this kind of non-determinism,
we need to make explicit how we “recover” from an unsucceéssfaice and how we proceed
in the proof search. That is, the implicit semantics is thg,, - - - , 0P, € Z and if the tableau
for (P; X) is open, the search procedure will try tfi€)-rule on all other diamond formulae in
the setZ before continuing further. Thus, th&)-rule embeds don’t knownon-deterministic
choice, where selecting different principal formulae ozl to different results.

A fairly intuitive way to make théK)-rule appear more deterministic is to make the back-
tracking explicit using existential branching as showndet{K) (center in Figure 4.1). Al-
ternatively, we can write théK)-rule by iterating over all other possibilities as in thehtig
formulation fec-K) in Figure 4.1, and define an appropriate search strateggedtion 6.1.3
we show how to expreston’'t knowchoices in thef'WB

4.3.3.3 Rule-choice

The third source of non-determinism in tableau methodesifiwm the lack of guidance when
applying logical rules. Tableau methods are typically deterministic in nature. By specify-
ing a finite set of rules, they say what can be done, not what beudone. In theory, a naive
algorithm could just try all possible combinations of laglicules until one successful sequence
is found. In other words, a deterministic algorithm can beleamented to backtrack over all
possible rules, and therefore to explore the entire segatesby brute force. However, when
efficiency is important, such an approach should be avoidedastrategy-based procedure
should be adopted instead.
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To obtain an efficient mechanical procedure, tableau rides mo be coupled with strat-
egywhich controls the order in which these rules are applied.eikample, inCPL where all
rules are invertible, since the order in which rules are iadpk not important, specifying a
strategy that applies all linear rules and the axiom first, #twen all branching rules, can po-
tentially shorten the proof tree. The problem is howeveiediint in basic modal logic, where
not all sequences of rule applications ensure a solutiaregime(K )-rule is not invertible.

The problem becomes even more complex when dealing witbaakdequent systems for
non-classical logics with more than one non-invertible ibr example intuitionistic logic as
in [Dyckhoff 1992]). In this situation, at any given choiceipt, after all invertible rules are
applied, we are forced to guess which non-invertible rulapgply, and eventually to undo this
decision if it does not lead to the construction of an acd#ptaroof tree. Consequently, if
the proof tree obtained from the application of the first rolea sequence of non-invertible
rules does not respect a logic-specific condition, the eptioof tree generated from that rule
application must be discarded. To recover from this wrorgjagh the proof must be re-started
using the next non-invertible rule available in the seqeenc

The notion oftactic is fundamental to define such strategies. Tactical languardginated
in the work of the Edinburgh LFC [Paulson 1987] and then wefmed inlsabelle  [Paul-
son 1993]. The work on tactic languages for specifying sesi@tegies follows a long history
of work in the theorem proving and functional programmingnhoounities [Felty 1993].

The tactic language used in th®VBs loosely based on the tactic languaegel[Martin
et al. 1995]. Angél is a general-purpose tactic language that is not tailoremhyoparticu-
lar proof tool; it assumes only that rules transform nodés alist of nodes. Although the
language was originally intended to support goal-diregiexbf, it is to be much more widely
applicable as a language in which general transformatsunsh as complex re-writing rules,
can be described.

4.4 Design Criteria

We summarise the main design criteria we adopted in the imgaiéation of thef'WB

Generality: The TWBhas been designed to be a tool for a non technical audienceudks
we did not assume any domain specific knowledge, leavingaaser full freedom to
use theTWBas a generic framework to experiment with arbitrary logithis decision
does not come without penalties. Th&Bcannot compete with specialized theorem
provers for speed. Although we have optimised low level datzctures and algorithms,
it is impossible to address domain specific optimisatiorssgeneric way.

Extensibility: The TWBimplements a specialised high-level language tailoregéxify de-
cision procedures for non-classical logics. TIR&Balso offers to more experienced and
demanding users, a number of “hooks” to tweak and to speeittlie default behaviour.
Moreover, since th&@WABis built on the top of the OCaml compiler, the confident user

4The language is named Angel because it makes tactics “aatiglhon-deterministic”. That is, a compound
tactic will fail only if there is no possible path from inpud butput, or in other words, dead-end paths are covered
by backtracking. The angelic style removes the need foratiictprogrammer to code backtracking explicitly.
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can also access the entire underlying programming langaaiging and modifying ba-
sic data structures or to write new heuristics.

Modularity: The TWBdesign addresses this criteria at two different levels. l@moine hand,
the core of the prover is built following a strictly modulapmoach. It is therefore
possible to replace components without compromising tleatvarchitecture and to
customise th&WBto implement different flavours of tableau calculi or morgéogfnt
data structures. On the other hand, the user is free to canpoie modules, and reuse
components via the standard OCaml module system. Moreiestedious task of com-
piling modules and resolving dependencies is delegatedsitoadl separate application,
making this process transparent to the user.

Language: We have chosen OCaml to develop & Bfor two main reasons. Firstly because
OCaml is a functional language. Functional languages aosvkrto be concise and
programs written in such languages are therefore easieatotam and more resistant
to problems related to memory management and runtime ¢Hadak and Jones 1994].
Secondly, because OCaml has a broad community of users, [0@anan impressive
number of third party libraries available and it has alrebdgn used to implement other
successful theorem provers such@aqg, Hol light andNuPrl . Languages like
Prolog, Mercury, Haskell, Java and C++ were also consideu¢edeemed less suitable.

Functional Style: OCaml is an hybrid language which mixes elements of impergtro-
gramming with its functional basis. To minimise coding esrand to reduce main-
tenance time, th&@WBcore infrastructure was developed in a purely functionglest
However, since this choice could lead to performance pesalimperative program-
ming style was used to implement a number of data structur@santrol algorithms.

Portability: To be accepted by a wider public, it is essential for a systerbet portable
to different platforms. Currently th& WBruns on modern operating systems such as
Gnu/Linux and MacOsX. Moreover, tiBWBhas virtually no dependencresn third-
party software outside the OCaml compiler itself, therefimraking it easy to install and
port to other platforms.

4.5 Development Techniques, Tools and Availability

TheTWBhas been developed loosely following the Extreme Prograngmethodology [Beck
2000]. We started with “the simplest thing that could polgsieork” and then refined our
requirements incrementally during the years as our uralelsig of the problem gave us more
insights and challenges. We released only version 2.0 of W&[Abate and Goré 2003] in
2004. This re-factoring process is continuing in the dgwelent version of th&@WB The
OCaml programming language lends itself very easily to tithodology, allowing to very
quickly test ideas and to produce working prototypes thattealater re-factored into the final

5The TWBdepends on an external librafgxtLib that is distributed with th@ WB We plan to remove this
dependency by re-implementing the subset of this libraay icurrently used.
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product, or discarded. Several Honours students use@iWgo develop user interfaces and

to experiment with temporal and intuitionistic logics ugwersion 2.0.
The tools used for the development of &/ Bare standard open source development tools.

TheTWABs available for downloading from the website
http://twb.rsise.anu.edu.au
Moreover, the Dar&srepository of the stable and development version can bedfatin

http://twb.rsise.anu.edu.au/Repository

8Darcs is a versioning control system similar to CVS. Bep://www.darcs.net/
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Chapter 5

Overview of the TWB

“Great design”: It's the ineffable quality that certain fadibly successful prod-
ucts have that makes people fall in love with them despiti flzavs.

Joel Spolsky

The TWBis organised into four main components: core, data-typgeeaa and syntax. In
the core library, we define all type definitions and the sgppienplementation. The data-type
library gives the implementation of support data strucurehe tableau module provides the
machinery to implement tableau-based provers and thexslibtary provides an easy way to
access th@WHlibrary and to define specific logic modules. We now give aitktaoutline of
the core library and an overview of the other libraries. Tdascription is related to the stable
version of theTWB(August 2006). The development version is discussed in@est2.

5.1 The Core Algorithm

The core algorithm of th@ WBis a procedure to visit a tree that is generated by the regheate
application of a finite set of rules to an initial node coniadgna finite number of formulae. This
visit procedure is composed of twoutually recursive functionsThe first function selects a
new rule to be applied to the current node while the seconctifumtraverses the tree generated
by the application of the rule, by recursively calling thsivprocedure. In Figure 5.1, we show
a snapshot of the visit procedure by focusing on a node inriwaf free (thecurrent nodg.

Note. Figure 5.1 assumes a depth-first, left-to-right visit poaee. This is however not a
pre-requisite as it is possible to implement differenttyisocedures (cf. Section 5.2.5).

We can isolate four basic components of the visit proceduile: conditions, rule applica-
tion (actions), branch conditions and rule backtrack ($s® Section 6.1.3).

Rule condition: this function is used by the strategy procedure. It checksuife is applicable
to the current node and if the side conditions of the rule atiesfeed. The result of
this function is a partition of the current node accordinghi® patterns specified in the
numerator of the selected rule.

Rule application: this function accepts a rule that has been selected andeagiplo the cur-
rent node in order to expand the proof tree. The result offtimstion is a list of nodes,
each identifying a new branch in the proof tree.

53
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input result

rule condition rule backtrack

Current

rule action [N rule action

branch condition

Figure 5.1 Algorithm Overview

Branch condition: this function is executed during the visit of the sub-treeted at the cur-
rent node. Assume we have a branch condition for each bragwérated by the rule
application, and assume further we haMeranches. Then the branch condition related
to a particular branchis executed, after visiting brandhto determine if the sub-tree
created so far (including all the already visited branclsasisfies a logic-specific condi-
tion. If this is the case, the visit explores the next branthrly), otherwise, the visit is
interrupted and the procedure backtracks.

Rule backtrack: these functions are executed after all branches (or a nuofitieem accord-
ing to the branch condition) are visited. The backtrack finmcsynthesises the result of
the visit of the sub-tree rooted at the current node and passp to the parent.

5.2 Core Library Modules

The core library defines the architecture of the prover ualigjract data types and functors
Figure 5.2 shows an overview of the structure of the coratiprincluding the main methods
of each class and the relation between each class and besiyge. Each module is described
in detail in the following sections. The core library is comspd of the following modules:

Sequence:defines a generic lazy list library;

Tree: defines the proof tree data type;

Node: defines the proof tree node;

Rule: defines the interface for specifying rules;

Strategy: defines and implements the strategy language;

Visit: defines and implements the visit algorithm of the proof tree.

1A functor is a function from modules to modules, used in fioral languages to build parametrised modules.
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Rule Node
+ check(node : Node) : Context L~ + get() : Logical View::Datatypes::data
+ up(treelist : Sequence) : Logical View::Datatypes::tree + set(data : Logical View::Datatypes::data) : Node
+ down(context : Context) : Logical View::Datatypes::tree + copy() : Node
/‘ }
\
| \
| |
|
+ strategy(tactic : Logical View::Datatypes::tactic, node : Node) : Sequence ‘ N
! S \ |
! ~~ \ \
| o~ \ \
\ T \ \
| ~. \ \
‘ -~ \/ \
«datatype» Visit

tactic

+ visit(strategy : Strategy, node : Node) : Logical View::Datatypes::tree
\
«datatype»

tree

Figure 5.2 Core Library Overview

Note. In this work, we slightly abuse the notation of UML diagran&rictly speaking, only
therule andnodedata structures are real objects, in the sense of Objeat®dd>rogramming
(O0OP), while thestrategy visit and sequenceare OCaml modules (collection of functions).
Despite this difference, we can think of OCaml modules aglsfon object instances of a
class type [Gamma et al. 1995; Vicente and Wagner 2003].cindance all objects in the core
libraries are implemented as purely functional objgdisis difference is purely stylistic.

5.2.1 The Sequence Module

OCaml is by design an eager language. To avoid wasteful ctatipos, we need to provide a
lazy data structure to construct the proof tree. In the falhg, we assume familiarity with lazy
evaluation strategies: for an overview of lazy data stmastisee [Okasaki 1996] and [Paulson
1991]. TheSequencenodule §eq in Listing 5.1, is used to implement a backtracking monad
in the visit algorithm (cf. Section 5.2.5). Tt&equencenodule implements MonadPlus
monad as described in Section 1.4 with the usual operatettsn |, bind , mzero , mplus .

In addition to these, we have other operators that are ustteistrategy module to im-
plement the monadlState(a detailed overview of this monad is in Section 5.2.4). Ehes
operations are formalised in [Kiselyov et al. 2005] and (4ir2000] to overcome limitations
of the basic list monad when used to implement efficient wacking algorithms. In detalil,
we add the following combinators to the standard list monad:

guar d b: if bis true then force the execution of a monadic operation, g&eresult of the
monadic operation imzero .

2A purely functional object is an object in the sense of OORereHall its visible fields are immutable, and
therefore side-effect free. See [Chailloux et al. 2000]dfetails.
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det er mm: given a computatiom, return the first successful computation, if any. This oper-
ation is similar to the cut operator in Prolog.

mspl i t m: determines whether a given computatiorails or succeeds at least once. If the
computation succeeds, then the function “splits” the caiadjmn into the first successful
result and the rest of the computation. If the computatidls,fthen it cannot be split.
Operationally we can think ahsplit  as running the input computation looking for the
first successful choice, providing a sort of “lookahead”esfdth one.

i ftetthel ifthe computation of succeeds with at least one result thite( t th el) be-
haves like bind t th), else, {fte t th el) is equivalent tcel. The construcifte
is equivalent to the Prolog soft-cut [Clocksin and MellisB8] and Mercury’s If-
Then-else construct [Henderson et al. 1996]. The condfitect is implemented using
msplit

5.2.2 The Node Module

A node is a generic container used to encapsulate arbitedaystructures (like sets, multi-sets,
sequences, etc.) of typdt. A node can be seen as a vertex in the rule graph in Definit@2 4.
The signature of the node is as follows:

class node : 'elt —>
object ('node)
method get : ’'elt
method set : ’elt —> ’'node
method copy : ’'node
end

The node class has only three generic methods:
get: returns the node data;
set: “replaces” the node data;

copy: returns a fresh copy of a node;

Listing 5.1: Backtracking Monad

type ’a m

type 'a excp = Nothing| Just of ("a * 'a m)
val return : 'a—> 'am

val bind ’am—> ("a—> 'bm) —> 'bm
val mzero : 'am

val mplus : 'am—> 'am-> 'am

val guard : bool—> unit m

val determ : 'a m—> ’am

val msplit : 'a m—> 'a excp m

val ifte ’'am—> ("a—> 'bm) —> 'bm—> 'bm
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Node

+ get() : Logical View::Datatypes::data
+ set(data : Logical View::Datatypes::data) : Node
+ copy() : Node

/N
|
|
|

Rule Context
+ check(node : Node) : Context |- — > + get() : Logical View:: Datatypes::context_type
+ up(treelist : Sequence) : Logical View::Datatypes::tree + set(context : Logical View::Datatypes::context_type) : Context
+ down(context : Context) : Logical View::Datatypes::tree + is_valid() : Logical View::Datatypes::bool
I
|
|

Figure 5.3 Rule Module

Since the node implementation is supposed to be side-dftasttheset method effectively
constructs a new node instead of modifying the node datetateiglt) in place.

Note. The operatiorset could possibly construct a large object. While this is notigable
when designing efficient algorithms, we believe that theefierf retaining a “pure” node
object and the clever memory management of OCaml offsetctst.

5.2.3 The Rule Module

The rule module implements the interface to define logicksrin theTWB A rule can be
seen as a re-writing function that is applied if a pre-caadiis met. The class diagram in
Figure 5.3 shows the relation of the rule object with otheeatata structures. In particular,
the rule module depends on the Context module that definesaaigelata-structure interface
to store the intermediate state of a rule application.

The rule class in Listing 5.2 has three methods:

check: This method tests whether the rule is applicable to a nodatignm matching the node
and checking the side conditions. It returns an object o tgpas in Listing 5.3;

down: This method applies the rule to extend the current node itigi af new nodes using
the result of theheck method;

up: This method specifies actions to be performed during batkitrg, after all denominators
are explored.

Listing 5.2: Rule class signature

type tree = node Tree.tree
class virtual rule

object
method virtual check : node—> context
method virtual down : context—> tree
method virtual up : tree Llist.llist —> tree

end
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The class typect stipulates a generic interface for the context object. Iriqaar, the
methodis _valid is invoked during the execution of tltheckmethod and specifically be the
strategy language interpreter (cf. Section 6.1.4), to klifeihe current context object should
be considered or discarded. At the core level, the rule gbdega-structure is unspecified. In
the tableau library we will see that the rule context is impdaited (cf. Section 5.4.3) as a triple
composed of a lazy sequence, a hash table and an object afdgee(cf. Section 5.4.1).

Listing 5.3: Context class signature

class type ['celt] ct =
object(’ctx)

method get : 'celt
method set . 'celt —> ’cxt
method is_valid : bool

end

5.2.4 The Strategy Module

A tactic is used to guide the proof search as explained b&lbe.Strategy module implements
an interpreter for the tactic language. The language uséteiWBIs loosely related to the
tactic language employed in theorem provers likabelle  (for a formal definition of a
tactic language refer to [Martin et al. 1995]). We now ddseithe tactic language in terms of
the data-type in Listing 5.4, which is a simplified versiorttod real data-type.

The most basic tactic is a simple rule application. The ¢aRtile is composed of two
functions: checkandapply. The first function checks if the rule is applicable to therent
node, while the second applies the rule to transform theentimode into a list of new nodes.
There are two possible outcomes when applying a rule tactdmibde: if the rule is applicable
to the node, that is, theheckfunction returnsrue, then the rule is applied, producing a list of
new nodes; else the rule does not match the current nodeharapplication of the function
fails. Two other basic tactics afkip andFail . The trivial tacticSkip always succeeds,
while the tacticFail always fails.

Listing 5.4: The tactic language

type check = ('state—> bool)
type apply = ('state—> 'state)
type ’'state tactic =
| Rule of (check x apply)
|Seq of 'state tactic = 'state tactic
| Alt of 'state tactic = 'state tactic
|Cut of ’state tactic
[Mu  of ’state tactic
| Skip
| Fail
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|
|
|
[ Strategy |

I |
strategy(tactic : Logical View::Datatypes::tactic, node : Node) : Sequence \
7 - ™~
- ~
/{ N
«datatype» «datatype»
tactic mstate

Figure 5.4 Strategy Module

Tactics can be combined in two ways: in alternation or in seqa. The sequential com-
positionSeq(ts,t2) of two tactics is written at;to. This tactic first applies, and then applies
to to the outcome of. If eithert; ort; fails so does the combined tactic.

The tacticAlt (t3,t) combines two tactics in alternation and is writtertast,. That is,
it first appliest;. If t; fails, then it applied,, else it behaves likg. If botht; andt; fail, the
combined tactic fails. An extension of the alternationitaist discussed in Section 8.2.2.2.

The tacticCut t behaves like, but locally restricts the action of alternation insiddf t
does not contain alternation, th€ut t behaves like. Otherwise it returns the first successful
tactic application front; if a subsequent tactic application afteut t fails, then the whole
tactic fails, that is, alternatives withtrare not re-explored. For example,fet Cut(t; | t2) ; t3
be a tactic and assuntesucceed, bug fails. Then the tactit will fail without trying tactict,.

The tacticMuimplements the fix-point combinaterX otac(X) whereX is a variable and
tac(X) is a tactic in which the variabl® may occur as though it were itself a tactic. The tactic
uXotac(X) behaves asac(X), but where each occurrence Xfbehaves as though it were
uXotac(X).

In the following we use the short ctit for puX o (t; X|Skip . With t*, first the tactict
is applied. If the tacti¢ fails then the combined tacti¢ behaves like the tactic Else the
combined tactic behaves liké.

Figure 5.4 shows the dependencies of the strategy modulkee Ireal implementation, the
tactic language interpreter depends onM®tatemonad explained shortly. In particular the
signature of the interpreter is as follows:

type m = MState.res MState.m Seq. llist
val strategy : tactic—> node-—>m

The typemis a (lazy) sequence of state monads each containing thié ®&fue computation
of the strategy. The strategy function acceptsaetic (that is, an expression of the tactic
language) and the initial node and returns the list of execstof the strategy. Since the
strategy interpreter is interleaved with the visit funoti@ach result of the strategy function
(cf. MState.res MState.m ) is itself a function that contains the result of the applaa
of a rule to the input node and the “rest of the computationi.turn, since the rest of the
computation is dependent on the result of the applicatiothefselected rule, it is itself a
partial function that accepts a node and returns a sequédrgpeam. In order to achieve this
computation we propose thdState monad.
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Listing 5.5: The MState monad

type res = rule x context

type continuation = Contof (node—> res m Illist)
and csstack = continuation Ilist

and state = csstack

type 'a m = state—> 'a x state
val return : 'a—> 'am
val bind 'am—> (b —> 'bm) —> 'bm

MState Monad

The moduleMState in Listing 5.5 implements a monad for dynamic continuafi@ssing
style (CPS) by combining a state monad with a CPS monad. Aaimonad can be found
in [Biernacki et al. 2005]. The implementation of this mon@atiows an operational ap-
proach where continuations are represented as a list ofatetack frames composed of list
concatenation. A different approach would be to representiuations with continuation-
passing functions and compose them by continuation-pgssimposition. Refining this
idea, we could also have used a CPS monad to abstract thisim@hand plug it into the
MState monad. For an overview of delimited continuations see [Jaavd Filinski 1990]
and [Felleisen 1988].

5.2.5 The Visit Module

The visit module implements the core algorithm describe8ention 5.1. Given a node and
the state of the strategy, the recursive procedure follbvggaseudo-algorithm:

1. Select a new rule using the strategy applied to the cunaufe;

2. Build the new leaves of the proof tree according to thecsederule;
3. Call visit on all new branches (leaves) of the tree;

4. If there are no more rules, then return a leaf and backtrack

This algorithm is implemented in th&€WBas shown in Listing 5.6. The core function
aux visit  takes a traversal function, a strategy continuatietr (), the control-stack
(state ) and the current noden¢de ). Following the pseudo-algorithm, if the strategy pro-
cedure §tr node ) succeeds then we apply the selected rule and we recursnvele the
procedure on the sub-tree generated by the rule applica@therwise, if the strategy does
not yield a result, we pop the control-stacke(y.determ(state) ), if it is not empty, and
recurse using the first strategy continuation in the curstatte. If the control-stack is empty,
this means that no more rules are applicable to the curretd and we backtrack returning a
leaf node §eq.return Leaf(node) ) of the proof tree. Note that a branch of a proof tree
is explored only if necessary. Listing 5.7 contains of a ddst traversal functiorfs . To
modify the search strategy a different traversal functiarstie implemented.



85.3 User Data-Types Library 61

Listing 5.6: The TWBcore algorithm

let rec aux_visit traversal str state node =
Seq.ifte
(str node)
(fun ms —
let ((rule,context),newstate) = ms statim
Seq.bind (Seq.determ(newstate))uf (Cont cont)—
let tree = rule#down contextin
traversal cont (tl(newstate)) rule context tree

Seq. ifte
(Seq.determ(state))
(fun (Cont cont) —>
aux_visit traversal cont (tl(state)) node)
(Seq.return (Leaf(node)))

The real implementation of the visit function (not showndjealso includes a caching
mechanism to avoid re-computation of identical parts ofptuof tree. Note that the caching
mechanism can be customized by the user by selecting whieb stiould check the cache
table (cf. Section 6.1.5.1), therefore effectively estdtahg check points in the proof search.

5.3 User Data-Types Library

The Core library defines the structure of the theorem proVee data-type library provides
concrete data types that are the foundations for the talile@uny and can be extended by the
user. The user data types are built hierarchically with thaty divided into two sections:
basic data types and composite data types. The basic dasnypdule implements the ma-
chinery to handle formulae, tuples, triples, integers,lé&mas, etc. The composite data types
are high level data types (sets, multi-sets, lists, ...} d@na defined on top of the basic types.
Composites types are built using OCaml standard libraryutesdChailloux et al. 2000]. Fig-
ure 5.5 shows the set interface and how different data-tgpesdefined. In particular, we note
that the typdist andsetboth implement the set interface. This is done to moduldhisdibrary

Listing 5.7: Depth-First Traversal Function

let rec dfs str state rule context sfunction
| Leaf(.) as tree —>
Seq.return (rule#up context (Llist.return tree))
| Tree(l) —
Seq.return (rule#up context
(Seq.bind | (auxvisit dfs str state)))
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Figure 5.5 User Data Structures Hierarchy

design and minimise dependencies to nhon-polymorphic datetsres. Other data structures
in the library are implemented hierarchically by re-using-gefined data structures and by
using the OCaml standard library. A list of the pre-definethdsructures is in Section 6.1.2.

Note. The basic data types are considered user-defined in the thexiseey are not tied to the
core library definition. Ideally, the user should be ablexterd the basic types in the logic
module by using high level type declarations. At the momenéxtend the basic data types,
it is necessary to re-compile the library. It is left for fteuvork to make user data types truly
extensible. See Section 8.2 for details.

Formula Map and History Map

The user data-type library also implements two ad-hoc daiatsres to define sets of formulae
and histories, respectivelgmapandhmap These two modules are used in the tableau module
to give an implementation of thedt type defined in the node module in Section 5.2.2. The data
structureggmapandhmapare implemented by using a hash table to associate formidarss
with a container of formula instances. The container can Hedefined to be a set, multi-set
or a list according to the logic specific requirements.

5.4 Tableau Library Modules

The core library and the data-type library are the foundatiopon which (possibly arbitrary)
families of theorem provers can be built. In this section,present the library to implement
tableau based theorem provers. The library is composecdbtlowing modules:

NodePattern: defines the data type to specify the numerator and denomiobsorule;
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Build: implements functions to build a new node given a pattern;
Partition: implements the functions to match a node given a pattern;

UserRule: implements three rule types: linear, universal and (comtal) existential.

5.4.1 The Partition Module

The Partition module defines the machinery to pattern mdwemumerator of a rule with the
current node and to build the trailer of the proof tree. Theifian algorithm, given a list of
patterns as input, returns a tentative match-object indhra bf a node and a substitution list.

Patterns are specified by user-defirpadtern functiongdefined in the logic modules (cf.
Section 6.1). Generically, a pattern function accepts atgubion list and returns a new sub-
stitution list containing the formulae that have been madchSince pattern functions have
full access to the substitution list, they can be used to émgint arbitrary conditions or to
arbitrarily modify formulae (cf. Section 6.1.3.3).

The implementation of the partition algorithm is based @y ldata structures to minimise
the amount of computation. Since the pattern can be arpittee complexity of the algorithm
depends on the user-defined pattern functions, and in thet wase can be exponential in the
number of objects in the node, but it is more likely to be dnbkdr in the average case.

5.4.2 The UserRule Module

The rule behaviour as described in Section 4.3.2 is impléaden the UserRule module. This
module defines a number of helper functions that generispicify the algorithms: to check
if a rule is applicable (using the partition algorithm déised above); to specify how to explore
the proof tree in relation to the type of rule; and to specifyvho behave on backtracking.

5.4.3 The RuleContext Module

The rule context typet defined in Section 5.2.3 specifies the interface of the rulgectd
data structures. The tableau library implements an instahsuch a data-structure as a triple
(Enum SubsStListNode where:

Enum is a lazy enumeration of all possible ways of pattern-matgtithe numerator of the
selected rule with the current node,

SubStListis a table that associates collections of formulae to metables, and

Node is the old node, without formulae already pattern matchetiséored in the substitution
list.

The SubStLisdata-type, in particular, is built upon the data-type ligriay using a hash table
that associates a string to a set (or list) of formulae.
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component loc logic | loc (tableau)| loc (functions)| total
core 464
. CPL 18 98 | 126
tableau library 818
) K 21 72| 93
syntax library 1624
) KT 31 72| 103
data-type library] 664
application (cli) 226 S4 4l 72 113
PLTL 148 194 | 242
total 3800

Table 5.1: Lines of Code

5.5 User Syntax Library

The tableau library defines the engine to build tableau bémtem provers. To make th&VvB
accessible to non-programmers, we provide a high levellageg to define tableau calculi. The
user syntax library implements the parser for this language

The syntax library is composed of two modules: user syntakiaput parser. The first
defines the tableau syntax as described in Chapter 6. Thadeéedines a number of helper
functions to parse input formulae according to the con@wgiteax defined in the logic module.

The user syntax is defined as an extension of the OCaml progiragrianguage. To reuse
the OCaml syntax and avoid re-writing the parser, we use®@®aml pre-processaamip4 .
The user syntax is therefore defined using ¢henlp4 language and modules. The OCaml
pre-processor implements ah(1) parser to extend the language with arbitrary constructs.

Currently (August 2006);camlp4 is going though a major revision. TH&VBparser does
not offer comprehensive error detection. We expect, abidunvork, to completely re-write
this component by using the new versioncaimlp4 , to make the parser more extendible and
modular, and in particular, to improve the error reportiagabilities (cf. Section 8.2).

The input parser uses the same technology as above. Eachrthpoover instance gener-
ated by theTWBis therefore linked with a generid_(1) parser, “configured” for the specific
logic, to parse input formulae according to the concreteasydefined in the logic module.

5.6 Summary

The TWBs very small compared with other theorem provers when denisig the total num-
ber of lines of code (loc). This is the result of two designichs. The first to use a functional
programming language like OCaml, and the second to minirizeuse of imperative con-
structs. On the left of Table 5.1 we outline the number ofdinécode for each module. We
note that the two central modules, core and data-type, at@mly for less than one third of
the total while the syntax library that implements the uségrface to express tableau calculi
accounts for almost half of the total.

On top of theTWBengine, building a new theorem prover for your favouriteideds then
trivial and will not require to write more than a few hundrdaes of high-level code. On
the right of Table 5.1, we show the number of loc of severatudalmplemented in th& WB
Consider that for all logics, we also count several supportfions (such as those to transform
the input into negation normal form), and we have countedeghaultiple times, once for



§5.6 Summary 65

each module even if the code is often shared. Moreover, asefwork, we plan to increase
modularity by sharing logical rules from different moduyles as to reduce duplication. For
example, the tableau calculi f@PL account for 18 loc while thenf procedure for 98, for a
total of 126. We have to point out that a metric based on loes dot offer a rigorous measure
to compare different implementations. In fact, to produeese results, we wrote our tableau
rules on one line, when possible, and removed blank lines réhult is still readable, but
users might want to write rules on different lines and usimtiffierent “typographic” style. In
Appendix 8.2.2.3 we show the prover f0PL. We sometimes we this “compressed” format in
the figure that follows, merely to save space.
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Chapter 6

Using the TW\B

“Simple things should be simple and hard things should bsiples’
Alan Key (HP Labs.)

In this chapter, we describe the syntax of &/Buser interface. Th&@WBframework
implements a collection of libraries to define automatiddab-based theorem provers. To
make theTWBengine more accessible to non-programmers, we presentstracion layer
to design new calculi without the need for learning the caxm@yntax of a programming
language. In this section we present the syntax for spagfjableau based calculi. Other
calculi like sequent, labelled tableau, etc. will be addeturther work (cf. Section 8.2).

6.1 Defining the Calculus for a Logic

A tableau calculus is defined in ti&VBby writing alogic module(eg. pc.ml ork.ml ). A
logic module is composed of four main sections:

Connectives: defines the concrete syntax of formulae;

Histories: defines the set of variables and histories used in the tablgauthm;
Tableau Rules: defines the collection of tableau rules;

Strategy: defines the systematic proof-search procedure.

A logic module is automatically translated into OCaml codd ¢hen compiled and linked to
the TWBlibraries. The resulting object is an automatic theorenv@rehat accepts formulae
with a syntax as specified in the connectives section andhahitputs the derivation tree.

We tried to give a syntax that is as close as possible to thievsyrsed in the literature to
specify tableau calculi. On the one hand, this approachvallwon-technical users to specify
most basic modal logics using a high level language. On therdtand, this approach gives
access to the full underlying programming language thewdlmyving the experienced user
great flexibility. By compiling rules to native code, it is ggble to run the prover at full
speed, bypassing any intermediate abstraction layer. dderdt simplifies the design of the
underlying abstract machine, and ultimately reducesliM&o a set of high order functions.

67
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Note. In the following BNF specifications, we udgIDENT to specify identifiers that be-
gin with an upper case charact&filDENT to specify lower case identifiers ar@dCami
expression to identify a section of code specified according to the OCamtax for (sim-
ple) expressions. We u&dring , Int , etc to identify the corresponding OCaml data types.

6.1.1 Defining Connectives

The connectives section defines the syntax of the formulad usthe rule definitions (as
formula schema) and as input formulae. The connectivesoseist defined according to the
following BNF grammar:

connectives ::= "CONNECTIVES” conn list "/END”
conn :’= conntype ",” syntax ”,” assoc ;"
| UIDENT ”,” "Const” ;"
conntype == UIDENT
syntax = string
assoc = "Zerol"One” | "Two”

Thus a connective in thEWBs either a constant or is defined as a triple where:

conn _type : the first component is an OCaml type representing a formutketised in Sec-
tion 5.3,

syntax : the second component specifies the concrete syntax, whenentterscore = is
interpreted as a meta-variable occurrence,

assoc : the third component is a binding strength “Zero”, “One” owad” with “Two” the
weakest.

For example, in Listing 6.1, we define four binary connedi®ad, Or, Imp, andDImp,
a unary connectivélot and two constants/erum andFalsum .

Listing 6.1: Connectives foCPL

CONNECTIVES
Dimp, " <->" | Two;
Imp, " ->" , One;
And, " & " , One;
Or, v " One;
Not, ™ " , Zero;

Verum, Const;
Falsum, Const;
END

Note. The parser allows us to specify unary and binary connegtamd in principle, it can be
modified to specify more exotic formula shapes (see Secti@n 8ut because of restrictions
in the OCaml lexer, symbols lik§ or [F] , and constants likd rue and False cannot be
defined via the connectives definition.
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6.1.2 Defining Histories and Variables

Histories and variables can be used in TM/Bto decorate tableau nodes with additional data
structures and to maintain additional global informatiamig the proof search. Histories
are used to pass information top-down and variables to p&ssriation bottom-up. Histories
are commonly used to implement blocking techniques by pggsiformation about already
visited nodes from parents to leaves. At any stage in thefmearch, at any node, it is then
possible to decide to stop the procedure if a cycle in the thethleads to the current node is
detected.

Variables are used to pass information about already esghleub-trees. For example,
the traditional notion of a tableau being “Open” or “Closexdih be seen as information that
is carried from the leaves to the root by a variable. In faot, TWBuUses a variable named
status to carry this information. Histories and variables are defiising the following
BNF grammar:

histories = "HISTORIES” history list "/END”
history = "(" identifier ™" type ":=" expr [default] ")" ;"
identifier = LIDENT|UIDENT
type := UIDENT "of” type list
| UIDENT
expr == ocaml expression
default = “default” expr

Thus, history identifiers always begin with the first chagaatapitalized, while variable
identifiers are always lower case. Each history and varisbissociated with its own data
container. The pre-defined data containers and their régpdgpes are shown in Table 6.1.
For example, in Listing 6.2, we declare a hist@iamonds and two variablesiev andn. The
history Diamonds and the variableiev are associated with a new object of typet.set
by using the OCaml keywordew to instantiate a new object (ienew Set.set ). The
variablen is associated with a new object of tySéngleton.set which is a container of
only one element.

Histories and variables can also be associated with a defauk that is an OCaml expres-
sion of the correct type. Listing 6.2 shows an example wherelanot set a default value for
Diamonds anduev but we set a default value for. The default value for singleton elements
can be left unspecified. The default value for other dataaioets is just an empty instance of
that data container.

Listing 6.2: Histories and variables

HISTORIES
(Diamonds : Setof Formula := new Set.set);
(uev . Set of Formula := new Set.set);
(n . Int := new Singleton.set default 0)

END
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Container Type

Mtlist.listobj List of Formula

Listofsets.listobj List of ( Set of Formula)

Set.set Set of Formula

Singleton.single Int | String| Formula| .. .

Setofsets.set Set of ( Set of Formula)
Setoftermint.set Set of ( Formula * Int)

Setoftupleset.set Set of ( Set of Formula * Set of Formula
Listoftupleset.listobj| List of ( Set of Formula * Set of Formula

Table 6.1 Pre-Defined Data Containers

Note. The handling of data containers in the stable version is wdlgxible as it offers only
a fixed set of data types and requires TWBlibrary to be recompiled to add new ones. In
Section 8.2 we outline our ideas to address this problemtindwersions.

The variablestatus is a special case. Htatus is not declared in the history section,
the TWBwill instantiate it implicitly with type String and default “Open” and use it to
determine the result of the visit of a branch in the proof.trdet is declared, theT WBwill
consider it as any other variable definition, but the usel gl responsible for determining
when to backtrack and how to propagate the value of the Jarigion backtracking. Not
specifying the backtracking behaviour, in relation to tlagiablestatus , does not interfere
with the visit procedure, but it can lead to the exploratiéthe entire proof tree.

6.1.3 Defining Rules

Tableau rules define the actions to be executed during thef pearch. Rules are declared in
the tableau section of a logic module according to the fahogWBNF grammar:

tableau ::= "TABLEAU”rule list "/END” [ "(cache)” ]
rule ;=  numerator
separator

denominator list
side condition
action
branchcondition
backtrack

Numerator. The numerator of each rule specifies a partition of the ctimede in the proof
tree. A numerator is composed of a list of formula schemaara¢gd by semicolons. Formulae
schemas are parsed according to the connectives declatieel donnectives section. We say
that a set iqqualified if it is specified by a formula schema (edA — B). We say a set is
anonymoudf it is specified by just a meta-variable (e4).

Assume we have already declared the connecBaesandDia and f is a function of type
formula list — bool and g a function of typeformula— bool. Instead of giving a BNF
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grammar for the formula schema, we give a number of examplidisitrate the syntax.
{Dia P}: match a non-empty principal formula;

(Dia P): match a possibly empty principal formula;

Box X: match a possibly empty qualified set;

f (Box X) : match a possibly empty qualified set that meets the conditkpmessed by func-
tion f;

g ({Dia X}): match a non-empty principal formula that meets the coniggpressed by
functiong;

X : match a possibly empty anonymous set.

Note. Rules in theTWBcan specify a wide range of patterns, and partition the ntirrede in
different ways. The user is responsible for reducing theperity of the pattern matching as
the TWBhas no in-built facilities to detect computationally expiee patterns.

Separator. A rule is defined as invertible if the separator between thaerator and de-
nominators is a non interrupted sequence of at least two yaib®ls and a rule is defined as
not-invertible if the separator is a sequence of at least‘®iveymbols. Intuitively, invertible
and not-invertible rules capture the usual notion of intéity. The TWBdoes not check that
the rule is really invertible. It assumes that the user hasqgat an inversion lemma indepen-
dently. Moreover, we also abuse this notation in the recerdefinitionKRec of the (K)-rule,
where a non interrupted sequence of “=" symbols is used toifypthat the rule must not
automatically backtrack, rather than specify that the izlavertible in the traditional sense.

Denominator. In general, a rule can have a list of denominators related tmaaching op-
erator. Each denominator specifies the shape of the rooteobbiine branches that extend the
tableau and is composed of a list of formula schemas. Hovikeerinterpretation is different:
whereas in the numerator definition, formula schemas fmartihe current node - therefore act-
ing as patterns - in the denominator definition, formula stdeare interpreted as instructions
to build new formulae from the ones associated to metaiv@san the numerator.

We give examples to illustrate the syntax of the formula s@®eused in the denominator.
In the following we assume that is a meta-variable that was pattern-matched to the list of
formulae[¢1; ¢2;-- - ; dn] in the numerator andllist is a history of typeSet of Formula
declared in the history section that currently containstedf formulae[ys; yo; - - ; Ym|. Fur-
ther assume thditis a generic function of typéormula list— formula list

A: adds the listgq; ¢2;- - - ; ) to a child of the current node;
Box A adds the lisiBox¢1;Box¢,;- - - ;Box¢p] to a child of the current node;
h (Box A): adds the listh(Box¢1);h(Box¢,);--- ;h(Box¢y)] to a child of the current node;

Hist: adds the list of formula@pn; yo;- - - ; Ym] to a child of the current node;
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Open Closeor Stop respectively specify that the current branch is open, dasethat the
procedure must stop. When the variaBkatus is not defined in the connectives
section, theDpenandClosedirective will also implicitly set the value of the variable
status respectively to “Open” or “Close”. Th8topdirective does not affect the value
of thestatus variable.

In the following sections, we give a number of examples ofelab rules. We assume that
the following connectives have been declared in the coivesckection:&, Box, Dia, —,

v. Rules can be written on one or more lines because carridgeseand spaces are not
interpreted by the parser. In this section, for clarity, wikk write rules on multiple lines.

6.1.3.1 Linear Rules

The simplest rule is an invertible, linear rule that breadwid a connective and leaves all other
formulae intact.

RULE And This example defines an invertible rule that
{A&B } pattern matches the current node WAk B as
========= the (non-empty) principal formula, replaces
A; B A&B with A and B and leaves all other for-
END mulae in the node intact to create the denom-
inator.

Note. Since the numerator does not contain anonymous sets, tieerpaiatch is partial, mean-
ing that all formulae in the current node that are not matdinedhe numerator, appear un-
changed in the denominator. Thus this is effectively a “rdéiag” rule. If no formula of the
form A&B is in the current node, the rule fails.

To reduce the overhead associated with the number of foamula node that are all
candidates for a linear application of a rule, it is also gmsdgo specify no principal formula,
and break all connectives of all formulae matching a fornsglaema at once.

This example defines an invertible rule that pattern
RULE T matches the current node with the possibly empty
formula schem&ox X. If multiple Boxformulae are

present in the current node, they will all be reduced

X
END at once. If no formula of the forlBox X is on the
current node, the rule fails. All other formulae are
left intact.

It is possible to specify an arbitrary number of principatnfmlae as in the ruléMp
(below). If the same meta-variabl@é (s the example) is used in different principal formulae,
the TWBWwill attempt to unify with all other instances of the sameiaale in other principal
formulae: that is, the patteth A } ; { A — B } will match the formulaea ; a —

b , but not the formula@ ; ¢ — b sincea does not unify withc.
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This example defines an invertible rule that selects from

RULE Mp the current node two non-empty principal formulae, leav-
(A} {A>B} ing all other formulae in the node intact. The first principal
::::::;::::::: formulaA must also unify with thé\ in the formula schema
END A — B. Also A andA — B do not appear in the denomina-

tor. If the specified pattern does not match any formula in
the current node, the rule fails.

To stop the proof search in tHeVB we use the directiveSloseor Openor Stop These
are interpreted by th&WBengine to change the value of the variabtatus , stopping the
visit procedure and triggering backtracking. For examgle]d rule in CPL stops the search
procedure if a positive and a negative occurrence of the $ammaila is detected.

RULE Id This example defines an invertible rule with
i_’é_};_;__{__N__A__}__ two principal formulae. If the numerator
___C_I;;; _________ pattern-matches the current node, the proce-
END dure will stop and backtrack, setting the vari-

ablestatus to “Close”.

6.1.3.2 Branching Rules

The RuleOr below, specifies a universal branching rule (see Sectior24.By using the
symbol “”, the TWBmachinery implicitly defines a branching condition thatliecked upon
backtracking after the visit of the left branch. If the vabfeéhestatus variable returned by
the left branch is “Close”, then the right branch will be exqeld. Otherwise the right branch
is not explored and the visit procedure will backtrack.

RULE Or This example defines an invertible rule with
i_’é_‘i_B__}__ a non-empty principal formul& v B. The

rule then has two denominators composed of,
END respectively,A and B, but with all formulae
other thenAV B left intact.

The (K)-rule shown below defines an existential branching rulecé&the rule is declared
as non-invertible, th&WBmachinery will handle backtracking implicitly trying alifterent
partitions. In this particular case the implicit branch dibion will force the next (implicit)
branch to be explored only if all the previously exploredriataes were open (eg. th&atus
variable is set to “Open”). Note that in tH&)-rule we explicitly specify the seZ as an
anonymous set to explicitly remove it from the denominatdhe default behaviour of the
TWAs to leave all formulae non explicitly matched by any pattetact in the denominator(s).

RULE K This example defines a non-invertible rule
{ Dia A } © Box X; Z that partitions the current node into three dis-
A - X joint sets so that the sétis box-free. The set
END ’ Z is explicitly discarded, an®ox X is “un-

boxed” to addX to the denominator.
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As discussed in Section 4.3.3, tfi€)-rule can also be expressed as follows:

RULE KRec This example defines an invertible rule with
{ Dia A} ; Box X; Dia Y; Z  gyistential branching. Two denominators are
TTUTTTOTITTITTTITTTTITTTTTT  defined: the left one by the sétX and the
right one by all the other Box- and Diamond-
END formulae excepDia A. The set is discarded

since it will beBoxfree andDia-free.

The definition of theKRec)-rule effectively removes the non-deterministic choiicetliis
particular case) by allowing for the strategy to recurgive-applying the same rule until a
closed branch is found or no more diamonds are available uS@ef the double bad|” sets
an implicit condition that is checked on backtracking to makire that the second branch is
explored only if the value of thetatus variable in the first branch is “Open”.

6.1.3.3 Rules with Side-Conditions, Branch-Conditions ash History Actions

A rule can be associated with two sets of conditions: ruledi@mns and branch conditions.
Rule conditions, specified by the keywdZdNDdefine a list of side conditions to be checked
after a node has been pattern-matched as specified in theatoméf all the side conditions
are true, then the tentative partition is accepted. Otlserwthe partition is not considered
and the pattern matching algorithm proceeds until a suftdgsatition is found. Conversely,
branch conditions, specified by the keyw®BANCHare executed on backtracking to check
whether to explore the next branch (if there is one) or to track further. It is possible to
specify a list of branch conditions, one for every branch each set of branch conditions will
have access to all variables returned by any branch alregagred. An attempt to access a
variable related to a branch yet to be visit will generateratmne error.

In order to modify histories, we can declare a list of actiassociated with each rule. If no
actions are specified, all declared histories will be passedodified from parents to leaves.
History actions are identified by the keywodC TIONusing the following BNF grammar:

rule_action = "ACTION”"[" branch_action list "]” "END”
branchaction ::= "["action list”]"
action = UIDENT ":=" function ;"
function = LIDENT (" function list )"
| UIDENT

We give an example to illustrate the use of side conditiorsndh conditions and history ac-
tions. Assume we have declared two historBgxes andDiamonds , both of typeSet of
Formula . We give a recursive version of Heuerding’s rule for the ¢cogd below [Heuerd-
ing et al. 1996]. In Listing 6.3 we give thEWBimplementation of it. In the following we
associate the historid$ andZ respectively with the historieBiamonds andBoxes in List-

ing 6.3. The functionsiotin andadd are OCaml functions defined in a support library and
behave as follows:
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notin(Dia A, Diamonds) . checks if the formuldia A € Diamonds ;

add(Box X,Boxes) : adds the set of formulae identified Bpx X to the historyBoxes .

0@, 04,00 A
DIz

o oar VPR

{09 tunudA, X ] D {o¢tun, =

Listing 6.3: S4 Rule a la Heuerding

RULE S4
{ Dia A} ; DiaY ; Box X ; Z

A ; X || DiaY ; Box X

COND notin(Dia A, Diamonds)

ACTION [
[ Diamonds := add(Dia A,Diamonds);
Diamonds := add(Dia Y, Diamonds)];
[ Diamonds := add(Dia A,Diamonds) ]
]
END

The tableau version of the original sequent calculus alottig the full TWBimplementa-
tion® is given in Section 7.1.1.

6.1.3.4 Rules with Synthesized Variables

Each node has a number of variables defined by the user dssbtmat. The value of these
variables is modified by using user defined actions that afiaatein theBACKTRACKING
section of a rule definition. Variables can be manipulatedacktracking, after all children
of a branching rule are visited according to the branch ¢ammdi. During the visit, the partial
results of the exploration of the sub-tree below the cumewlie are stored on the stack in a list
and can be accessed by the branch conditions to determine tatstop the visit procedure.
The syntax to defined these function is the same as iPAtBEION section. In particular,
variables can be accessed with the following syntax:

lid@ int: wherelid is the variable identifier aniht is an integer identifying the branch
number (starting from 1). The result is a single element.

lid@last : wherelid is the variable identifier ankdst is a keyword to identify the result
of the previously visited branch. The result is a single @etn

1This rule is slightly different from th¢S4H) rule in Section 7.1.1 in the handling of tBexformulae.
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lid@all : wherelid isthe variable identifier andll is a keyword to identify all variables
for all branches. In this case the result is a list.

The syntadid@last s particularly useful when the number of branches in notwkman
advance as in the specification of tti€)-rule with implicit backtracking (cf. page 74).

For example, in Listing 6.4, we show a version of berule that modifies the value of a
variablebj using the functioomergelabel . This version of thér rule is used to implement
a version of the back-jumping algorithm and is describedecti®n 7.1.3.3.

Listing 6.4: Implementation of Back-jumping

RULE Or

fixlabel (1dx ,A) | fixlabel (ldx,B)

ACTION [[ Idx := inc(ldx) ]; [ ldx := inc(ldx) ]]
BRANCH [ backjumping(ldx ,bj@1) ]

BACKTRACK [ bj := mergelabel(bj@all ,status@last) ]
END

Thus, each denominator calls the functidxiabel which accepts a historidx and
a formulaa and “fixes” the label ofn by adding the index stored in the histdidx . In this
example the historidx is used to associate each disjunction to a unique index.cimaetion,
the value of the historydx is incremented. Since the valueldk is stored on the stack, the
result of the left action will incremeritix by one, while the right action will incremeidx
by a value related to the number of disjunctions expandekdrvisit of the left branch.

6.1.4 Defining the Strategy

A strategy specifies the order in which rules are appliedndutine proof search. The tactic
language adopted in thBABhas the following syntax: The basic tactic is a rule. It secdse

if the rule is applicable to the current node, otherwiseilsfaractics can be combined in two
ways: in alternatiort; |t or in sequencey;t,. A tactic can be repeated until it fails, that is,
until no more tactic rules are applicable: we writg*. See Section 5.2.4 for a more detailed
description. The following BNF grammar defines a strateghailT WB

strategy = "STRATEGY””.=" tacticdef
tactic = Ttactic” "(" tactic_def )"
tacticdef := UIDENT

| tacticdef ”|” tactic_def
| tacticdef ;" tactic_def
| tactic.def ™"

| LIDENT

A tactic is an OCaml expression that can be bound to idergiiisrusual by using the OCaml
let construct. A strategy is @WBdirective that is declared by the keywd8d RATEGY
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In the following example we specify a simple strategy forltasic modal logid. Assume
rulesld, False And, Or andK are all declared in thEABLEAUsection. The strategy specifies
that we first apply all the invertible rules, until no suchesibre applicable to the current node,
then we apply th& rule once, then we start over again. This definition is imetigrd by the
strategy function (cf. Section 5.2.4) and repeated foryeleasnch of the proof tree according
to the visit algorithm. In the following examphkaturate is an OCaml identifier bound to a
tactic.

let saturate = tactic ( (ld| False | And | Or)x )
STRATEGY := ( ( saturate| K )x )

This strategy definition is equivalent to the following ‘iimt” definition:
STRATEGY := ( ((Id | False | And | Or)x | K)x )

In certain situations, it is essential to apply a rule (or taagearules) if no other (set of)
rules are applicable. For example, if we want to build a ceuntodel for a propositional logic
formula from a failed attempt to build a closed tableau, wed® collect all the propositional
atoms in the last non-contradictory node after all conmesthave been broken and all rules
have been applied. Such a rule can be seemasta-ruleas its role is not to break connectives,
but to execute an action outside the tableau procedure.xaange, assume we have declared
a rule to collect propositional atoms nantédllect Then the following strategy will execute
this rule once when no other rules are applicable.

STRATEGY := ( (ld | False | And | Or)x | Collect )«

6.1.5 Formula Manipulation

The TWBdefines the keyworderm to allow us to manipulate formulae (according to the
concrete syntax defined in the connectives section) as O€spnéssions. Terms can also
be pattern matched as any other OCaml data type. This isvachi®y extending the OCaml
grammar to seamlessly manipulate formulae otherwise rexias to the language. Alongside
the standard OCaml syntax, we added the following extesgmmanipulate formulae:

Atoms: An atom is declared either using an identifier with the firdelecapitalized (eg. P, Q,
PO, ...), or by using the syntgxi), wherep is a lower case identifier ands an OCaml
expression of type integer. For exampél).

Identifiers: An identifier has the same meaning as an OCaml identifier. §ean be bound
to identifiers using thaet operator and can be used within term expressions.

TWBerms: Terms are used as expressions or patterns. In particulacaweise an OCaml
function to build terms within @aerm : by writing term ( a v [f ()]) , the re-
sulting term is one where the first disjunct is given by the @Cdentifier a, while the
second disjunct is the result of the OCaml expresdion
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Substitution: If p is an identifier bound to aWBterm, anda andc are TWBterms then the
expressiora{p/c } is a new term where all occurrencesmin a are simultaneously
substituted witlc.

For example, the following function, given a formuaand an integen, returns a new
formula of the form...0a with n occurrences of 1. That is, a function call tanbox
term(Falsum) 2  will return a term of the fornBox Box Falsum .

let rec mbox t = function
[0 — t
|n —> mbox (term ( Box t )) (n-1)

In Listing 6.5, we give a function to compute the modal deptla dormula to illustrate the
use of pattern matching when working witWwBterms. We uséerm ( F ) , whereF is

a pattern that matcheBNBterms, to specify an OCaml pattern. We use the standardrpatte
matching mechanism amdax n mis the function that returns the maximumro&andm.

Listing 6.5: Function to Compute the Modal Depth of a Formula
let rec modaldepth =function

|[term ( Verum ) —> O

|[term ( Falsum ) —> O

|[term ( Dia a )

[term ( Box a ) —> (modaldepth a) + 1

[term ( 7 a ) —> modaldepth a

[term ( a &b )

[term (a v b))

|[term ( a—> b )

[term ( a<—> b ) —> max ( modaldepth a ) ( modaldepth b )

| - —> failwith "modaldepth”

The NEGand PP directives can be used in ti&VBto declare two rewrite functions with
type formula— formula respectively to specify a negation function and a pre-gssitig
function used by the prover. The negation function is nexrgsbecause th& WBdoes not
make any assumptions about the syntax of the logic and trerabout the semantic meaning
of each connective. An example of a negation formula is be®ee Appendix 8.2.2.3 for an
example of a negation normal form procedure.

let neg = function term ( a )—> term ( "~ a )
NEG := neg

The pre-processing hook providdeR) can be used to re-write the input formula into a normal
form. For example, in order to reduce branching and to shdtte proof tree, the theorem
proverleanTAP [Beckert and Posegga 1995] orders the input formula by @ogitite number

of disjunctions. leanTAP accomplishes this by pre-processing the input formula @ad r
ordering conjunctions and disjunctions by consideringiim@ber of disjunctions and the built-
in Prolog lexicographic ordering.
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6.1.5.1 Caching

The TWBIimplements a caching mechanism to avoid re-computatiodesitical parts of the
proof tree. The user can decide to enable caching for acestrhumber of rules, by specifying
the keyword(cache) in the rule definition. By default the caching mechanism estded, but
only the nodes generated by rules that are marked b{ctehe) keyword will be indexed
in the cache table. This is done to minimize the memory faotf the proof to give the user
the flexibility of selectively enable caching only for “imgant” rules. For example, in the rule
below, we specify that each denominator df aule must be stored in the cache.

RULE K
{ Dia A} ; Box X ; Z

A X
END (cache)

The form of caching implemented in tH@NBis of course not optimal as it is based on
syntactic equality and it does not exploit logic-specifiaictteristics. Moreover, to maximise
the effect of the caching mechanism, the user should naméde input formulae via a normal
form procedure (cf. Section 6.1.5).

6.1.5.2 EXxit Functions

It is possible to define a custom exit function to return a hoireadable output for the prover.
By default, the exit function returns the value of the implicariable status  which can
be “Close” or “Open”. However, this can be overwritten by tieer, for example, when the
decision procedure is not binary or to execute an arbitranction at the end of the visit
procedure or to customise the output of the search procettutésting 6.6, we define an exit
function that inspects the value of the variabtatus and returns a custom string. The exit
function is declared by the directheXIT .

Listing 6.6: Example of the exit function

let exit = function
|"Close" —> "The _tableau _jis _Closed"
| - —> "The _tableau _js _Open"

EXIT := exit (status@1)

6.2 Building and Using a Theorem Prover for a Calculus

In this section we present tii@VBcommand line interface, a minimalistic application to run
provers built within theTWB The current interface is very basic and will be improvediitufe
work (cf. Section 8.2.
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6.2.1 Building the Prover

The TWBIs built on top of the OCaml programming language and it usesQCaml tool-
chain to compile a logic module into an application. In parér, a logic module is parsed
by using a Camlp4 [de Rauglaudre 2003] syntax extensionSe€tion 5.5), that extends the
OCaml language, and defines the syntax oftkiéB Camlp4 is the ocaml preprocessor and it
is integrated into the OCaml tool-chain.

To save the user from the tedious task of compiling a logic iy hand, we wrote a
small applicationfwbcompile , that given a logic file, resolves its dependencies withrothe
modules and compiles and links it to ti&VBlibrary. Different programs from the OCaml
toolchain are requiredbcamlopt is the OCaml compilemycamldep is a utility to query an
object about its dependenciesimip4o is the OCaml preprocessor. The compilation process
has four steps:

camlp4o: the logic module is translated into OCaml source code;
ocamlopt: the source code is compiled into an object;
ocamldep: all dependencies are resolved, generating all objects;

ocamlopt: all objects are linked together with tAH&VBibrary to generate the executable.

6.2.2 Executing the Prover

The result of the compilation of a logic module is a command fprogram (thgrover). The
prover pc is the program generated by the compilation of the logic nedor pc.ml). It
accepts formulae from standard input, or from a file, andrnstthe result of the proof. The
input file is composed of one formula per line with commenenitfied by the symbolt.
Figure 6.1 shows a typical session, where the formaula> b & c is passed as input from
the command line to a prover f@PL. Note that the given formula is negated by default.

By default, each prover accept a number of arguments to digitehaviour. Table 6.2
shows the basic flags accepted by a generic prover. The poayauts the result of the proof
and details about the (user) time and the total number ofapdications.

Figure 6.2 shows the trace of the proof. For each rule agjitawe display the name of
the rule (ie.And) followed by aflow identifier A flow identifier is a tuple of integers used to
maintain a parent-child relationship between two nodesénproof tree. For example, when
a linear rule is applied, ands the index associated to the parent, the flow identifier lvglbf
the formi — i+1 . When a branching rule is applied, the prover will genenat (or more,

> echo "a -> b & ¢c" | ./pc
Proving: " (a -> b & c )
Time: 0.00

Result: Open

Total rule applications: 2

Figure 6.1 SimpleTWBsession.
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--nopp Disable the pre-processor function specified in the logiduf®

--noneg Disable the negation function specified in the logic module

--trace Print the proof trace proof trace

--time Set a timeout for the current session. If the input file corgtamore then
one formula, each proof will have the same timeout

--verbose Print additional information regarding the proof

--nocache Disable the caching mechanism

Table 6.2 Runtime flags.

depending on the cardinality of the rule) flow identifiersedar each branch. Consequently,
if an Or rule with indexi is applied, the first branch will have rule identifier — i+1 , while
the second branch will have rule identifier — i+d+1 , whered is the identifier of the last
rule applied on the first branch before backtracking. Floantdiers are used to navigate the
proof tree more easily and to provide spacial informatiodigplay the proof tree by using a
GUI (see Section 8.2 for more details about the GUI).

> echo "a v~ a" | ./pc -trace
Proving: " (av ™ a)

And (0 > 1)

(C a)

()
d (1 ->2)
Time: 0.00

Result: Close
Total rule applications: 2

Figure 6.2 Session with trace enabled.
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Chapter 7

Case Studies and Experimental
Results

“You're bound to be unhappy if you optimise everything.”
Donald Knuth

In this chapter we analyse four case studies to highlightvéreatility and ex-
pressive power of th@WB In Section 7.1.1 we give the implementation of the
basic modal logic4 and in Section 7.1.2 the propositional linear temporaiclog
PLTL. In Section 7.1.3 we show how to implement a number of knowtinmoga-
tion techniques. In Section 7.1.4, we show how we implentettie benchmark
suite presented in [Heuerding and Schwendimann 1996] uked\WBframe-
work. Lastly, in Section 7.2, we show empirical results olgd by comparing
several optimisations for a tableau prover for the Idgfand a comparison of the
TWBwith the LWB In this chapter we assume familiarity of the decision proce
dures and techniques used.

7.1 Case Studies

7.1.1 Basic modal logic S4

We now give an implementation of a tableau calculus for th&doaodal logic
4. We use a tableau version of the sequent calculus from Jidegeet al. 1996].

In the following we use two historie§] for the diamond history anH for the box
history. Intuitively, the diamond history contains cemtdiamond formulae found
in the branch from the root to the current node. The box histontains all the
boxes found in the branch from the root to the current node.

We assume that the input formula is in negation normal forime propositional

rules of the calculus are standard. We assume also that, ndbexplicitly noted,

histories are passed from parents to children un-changedod& in the tableau
is always of the fornT :: IM,%, wherel is a set of formulae anfl andZX are the

diamond and box histories. We use “...” to denote un-impanarts of the node
which remain unchanged in passing from numerators to derators:

83



84

Case Studies and Experimental Results

Listing 7.1: S4 Connectives

CONNECTIVES
And, " & " , Two;
Or, "v." , Two;
Imp, " ->" , One,;
Dimp, " <>_" , One,;
Not, "_" Zero;
Dia, "Dia " , Zero;
Box, "Box " , Zero
END
HISTORIES
(DIAMONDS : Set of Formula := new Set.set);
(BOXES : Set of Formula := new Set.set)
END
w) o, ... ") dOAY L. ) oVvy ...
1 o, p ... ) NS 1/ RS

The modal tableau rules shown below are an adaptation ofrdiegés sequent
rules [Heuerding et al. 1996]. In particular thi€)-rule is applied to a principal
formulall¢ only if its sub-formulag is not in the historyz. If ¢ ¢ %, the denom-
inator is created from the current rule by deleting and addingp. The formula
¢ is added to the histor¥ and the diamond historiyl is emptied.

Since the Kripke models for the logi#} are transitive, box formulae always accu-
mulate. In the calculus, thd@ )-rule is applied only if the immediate sub-formulae
¢ of the box formulad¢ under consideration is “new” (not present in the box his-
tory) in the branch, thus exploiting transitivity. Intwily, if a box formula is new

in a branch, we force the procedure “to recompute”, by fanggt(emptingl)
any information about the diamond formulae found so far.

Similarly, the$4 rule is applied only if its diamond formuka¢ is not present in
the diamond historyl. If ¢ ¢ I, then the formulap and the content of the box
history 2 is added to the denominator. The cont&xs discarded and the formula
O ¢ is the diamond historyl. The box history is unchanged.

O¢ = N2
¢ 2 0,{p}uUZX

Note. The rules described in this section assume a decision puoeddat first
applies all classical rules and th& )-rule until they are no longer applicable;
and then which applies the modal ri#é. Therefore, in théS4)-rule, the sefA

will consist of all diamond formulae in the node excépt and literals only. In
particular, since thé¢T )-rule removes all box formulae from the node and stores
their immediate sub-formulae in the box histarythen the sef will be box-free.

S HAR N X

() ¢;Z  {0¢}tun, =

p¢z ()

0o ¢
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First we declare a number of connectives and the two histd®@XESand
DIAMONDSInN Listing 7.1. The rules in Listing 7.2 are a simple trangtion
of the tableau rules above. The strategy definition is stahdee execute alCPL
rules and theT )-rule first and then thé4)-rule.

Listing 7.2: S4 Rules

TABLEAU
RULE S4
{ Dia P} ; Z

P ; BOXES

COND notin(Dia P, DIAMONDS)
ACTION [ DIAMONDS := add(Dia P,DIAMONDS) ]
END

RULE T
{Box Pl ==P
COND notin (P, BOXES)
ACTION [

BOXES := add (P,BOXES);

DIAMONDS := emptyset (DIAMONDS)]
END

RULE Id
{A}; { " A} == Close
END

RULE And
{A&B } ==A;B
END

RULE Or
{AvB}

STRATEGY := ( (Falseld|And|T|Or)x | S4 )«

In particular we use three functions to handle histories:

add(formula list, history): accepts a list of formulae and a history object and

returns the history object with the formula list added to it.
emptyset(history): returns an empty history object.

In Listing 7.2 we declared th& rule as not-invertible by using “-" lines, and

therefore the backtracking associated with the choice efdiamond formula is
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implicit. Conversely, the rul®&4H in Listing 7.3 treats the backtracking explicitly.

We note that our adaptation of the calculus is not as effiietihe original sequent
version from Heuerding [Heuerding et al. 1996]. The reasahat the($4)-rule
does not share information among its branches. Conseguieiglpossible for the
same diamond formula to be “reduced” along different brasabf the tableau.
Clearly this is not necessary, hence wasteful from a contiput point of view.

A more efficient version of théS4)-rule can be written as follows, where we make
the recursion step explicit and we ensure that the first braloes not “reduce”
any diamonds in the sé since they will be considered instead in the second
branch.

Qo OMN = TILZ

S ¢;Z 2 {0ptunudA, X 0A = {OptuN, X

Op¢n

We show the implementation of the ru#dH in Listing 7.3. Note that we use=
to declare this rule “invertible”. This is a consequencelaf fact that by using
this recursive definition, we effectively determinised {8dH )-rule. The strategy
guarantees that the rule is applied afteiCHIL rules.

Listing 7.3: S4 Rule a 14 Heuerding

RULE S4H
{ Dia A} ; DiayY; Zz

A ; BOXES || Dia Y

COND notin(Dia A, DIAMONDS)

ACTION [
[ DIAMONDS := add(Dia A,DIAMONDS):
DIAMONDS := add(Dia Y,DIAMONDS)];

[ DIAMONDS := add(Dia A,DIAMONDS); ]

END
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7.1.2 Propositional linear temporal logic

In this section, we describe an implementation of the desiprocedure foPLT L

from [Schwendimann 1998)]. We give a brief description of ¢hé&ulus to illus-
trate theTWBimplementation but we assume familiarity with the syntad ae-

mantics ofPLTL (cf. Section 2.1). For a full overview of the decision proce=
refer to [Schwendimann 1998]. In order to describe the dmtiprocedure we
first give a few definitions:

Lists: We usex for the concatenation of lists and [] for the empty list. Mfis
an empty list then we writeen(M) for the length ofM andM(i] for theit"
element ofM with 1 <i <len(M). If M is a list of tuples, then we write
M(i]; to denote the projection to thé&' element of tupleM|i].

Node: A node is a triple(l", (Ev, Br), (n,ueV)) also writtenl” :: Ev,Br :: n,uev
where:

I is a set of formulae in negation normal form.

Evis a set of formulae in negation normal form representingctiveently
satisfied eventualities.

Br is a list of pairs representing the current branch withith@air corre-
sponding to thé andEv parts of the'"-state on this branch.

nis a natural number indicating the “earliest” state reatshflom the cur-
rent one via a loop.

uevis a set of eventuality formulae in negated normal form. piresents
the wnfulfilled eventualities of the current branch (loop).

(Ev,Br) are histories, whilén, ueV) are variables.

According to the above definitioris :: Ev;Br :: n,uevis the extended notion
for an abstract node. With this machinery in place, the rafd3LT L are given in
Figure 7.1. Note that if . .” appears in the same position in the numerator and the
denominator(s) of a rule, then we mean that the correspgrnuiirnts are the same.
These rules are from [Schwendimann 1998].

The branching used IBLT Lis neither universal nor existential, but both branches
must always be explored. This is due to the fact that it is issfiile to determine
the status of a given branch in isolation: rather, a bramcimode can only be
declared “open” or “closed” when everything below it hasrbegplored.

In the following we give theTWBimplementation of the tableau rules feL.T L
This implementation is a refinement of the work conductedTimofnton 2004]
using version 2.0 of th&WBAII functions associated with the calculus are written
in OCaml within theTWBframework and provided in the Appendix 8.2.2.3

First we declare the connectives and histories used in thelaa according to the
PLTL syntax (cf. Section 2.1) in Listing 7.4 in the usual way. NtiatX is a
connective for the connectiv@) in the (Next-rule in Figure 7.1.
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Terminal rules:

falsel" :: EV,Br :: n,uev
n:=len(Br) uev:= { false}

(false

¢;—¢;T 2 EVBr :: njuev
n:=len(Br) uev:= { false}

(contr)

A;OZ o EvBr :: nyuev

(loop)

where in(loop) there exists an 1 <i < len(Br), such that:

1. A;OZ =Br|i]1
2.n:=i—landuevi={pU ¢ |pU ¢ cZandy ¢ (U'ffi(frl)Br[j]zuEv)}.
a-rules:
[ 04l IS
(@) ay,azl ..o oL
B-rules:
V) oV ;I 2 EVBr :: nuev
¢;r 2 EVBr : njuev | ;T 0 EV,Br i ny,uewv
ouU ;T . EVBr :: n,uev
)

g;T = EvUu{¢},Br  njuev | ¢;0O(@ U ¢);T 2 EVBr : np,uew
where in(v) and(U):

1. n:=min(ng,ny).

2. m=len(Br) —1.

0 if uey =0oruew =0,
{false} if ng>mand n > m(and uey # 0, uey, # 0),
uev if ng <mand nr > m(and uey # 0),
uev:= orif uew = {false},
uew if n,<mandn >m(and uey # 0),
orif uey = {false},
| uevNuew otherwise

Next time rule:

A, OZ o EvBr oo

(Nex)) = Ev:=0Br«((4;02),EV) ...

Figure 7.1: The rules in the calculuBLT L from [Schwendimann 1998]
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Listing 7.4: PLTL Connectives and Histories

CONNECTIVES
Dimp, "<>" | Two; And, "&" , One;
Or, "v." , One; Imp, "->" | One;
until , " Un_" , One; Before, " Bf " , One;
Falsum , Const; Verum, Const;
Not, e Zero;
Next , "X ", Zero;
Generally , "G_" , Zero;
Sometimes ,"F_" , Zero

END

HISTORIES
(Ev : Set of Formula :=new Set.set) ;
(Br . List of (Set of Formula «+ Set of Formula)

;= new Listoftupleset.listobj);

(uev . Setof Formula :=new Set.set);
(status : String :=new Set.set);
(n © Int := new Set.set default 0)

END

Then, in Listing 7.5, we give the terminal rules. All rules astraightforward
except thgLoop)-rule. The(Loop)-rule application is subject to a side condition
to detect loops. If the side condition of tkleoop)-rule is true (we are in a loop),
then the procedure will stop and backtrack. Theop)-rule also computes the
value of the variables anduev. The functions used in Listing 7.5 have the
following meaning:

loop_check(xa, xb, z, br): implements the side condition of théop)-rule in
Figure 7.1. It accepts the content of the nodexaaxb, z and checks if the
node is already in the lidir. If this is the case it returngalse meaning the
rule is not applicabletrue otherwise.

setclose(): returns a set containing the tefralsum

setclosen(Br): returns an integer that is equal to the lengttBof

setuev(xa, xb, z, ev, br):returns a set containing tie-formulae that are not sat-
isfied on the sub-branch from the looping point to the curfedf) node.
This computes the value akvfor the loop rule as in Figure 7.1.

setn(xa, xb, z, br): computes the inden of the loop rule.

In Listing 7.6 we give the linear ¢ ) rules. The functions used in Listing 7.6 are
the following:

emptyset(h): returnsh with all its elements removed.

push(xa, xb, z, ev, br): accepts the content of the nodefii, fl2, fI3, a set of
eventualities irevand a listbr and returns the ligbr with the tuple(fl1U
fl2U f13,ev) appended to it.
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Listing 7.5: PLTL Terminal Rules

RULE False
Falsum == Stop
BACKTRACK [ uev :
END

setclose (); n setclosen (Br) ]

RULE Contr

{A}Y S { A} =
BACKTRACK [ uev
END

Stop
setclose (); n

setclosen (Br) ]

RULE Loop
{ XA} ; XB ; Z == Stop
COND [ loop.check(X A, X B, Z, Br) ]

BACKTRACK [
uev .= setuev(X A, X B, Z, Ev, Br);
n = setn (X A, X B, Z, Br)
]
END
Listing 7.6: PLTL Linear Rules
RULE Next

{XA} ; XB; Z

ACTION [
Ev := emptyset(Ev);
Br := push(X A, X B, Z, Ev, Br)

]
END

RULE And { A& B } == ; B END
RULE Ge { GA } == A ; X (G A) END
RULE Before {A Bf C} == nnf (" C) ; Av X (A Bf C) END

A possible immediate optimisation for the branching rukesoi exploit the con-
dition enforced by the function that computes the value efiériableuevin the
B-rule in Figure 7.1. According to Section 4.3.2, we clas#iig type of branch-
ing as conditional branching, where the second branch iseegonly if a certain
condition is met. In particular, the second branch is nexpfoged if, according
to the function to establish the value of the varialdsin the B-rule, the variable
uey = 0. In this case the result of the exploration of the secomaadir would be
irrelevant.
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Listing 7.7: PLTL Branching Rules

RULE Until
{CuUnD}

ACTION [ Ev := add(D, Ev) ]

BRANCH [ notemptyset (uev@l) ]

BACKTRACK [
uev := beta(uev@l, uev@2, n@l, n@2, Br);
n = min (n@1, n@2)

]
END

RULE Or

BRANCH [ notemptyset (uev@l) ]

BACKTRACK [
uev := beta(uev@l, uev@2, n@l, n@2, Br);
n = min (n@1 , n@2)

END

In Listing 7.7 we give the optimized branching)(rules. Both rules implement a
conditionally branching rule (via thig| symbol) where the condition makes sure
that the second branch is not explored if the variatge is empty. The functions
used in Listing 7.7 are the following:

beta(uevl, uev2, n1, n2, Br):implements the function for computing the value
of uevvia clause 2 of thg-rule in Figure 7.1.

min(nl, n2): returns the minimum ofl andn2.

not_emptyset(uev): checks if the setievis empty.

The strategy used in Schwendimann’s calculus is to applyetimeinal rules first.

If these fail then it applies all invertible rules and thee {Next)-rule once. This
strategy is enforced in our implementation as follows:

let terminal = tactic ( (Id| False | Loop) )
let saturate = tactic ( (And| Before | Ge | Or | Until)x* )
STRATEGY := ( terminal | saturate | Next)x
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7.1.3 Optimisations for Tableau-based Theorem Provers

This section outlines several techniques used to optingikriic for non-classical
logics and their implementation in ti&VBframework.

Different empirical studies have been carried out, paldity in the domain of
knowledge representatigoroving in the last decade the usefulness of optimisa-
tion techniques in to tableau methods [Horrocks 1997; Hexaesnd Moller 2001,
Hustadt and Schmidt 1998].

We can classify different optimisation techniques on twels:

Logic level optimisations are independent of the machinery used inhierém
prover and focus on the abstract theoretical aspects abgfieunder consid-
eration. Simplification, normal forms, semantic branchibgck-jumping,
blocking methods, etc. are examples of logic level optitosas.

Machinelevel optimisations make assumptions about the implementafitimeo
theorem prover and its low level data structures: e.g. caglfficient data
structure optimisations, lazy unfolding, etc

In the design of th&WB we had to trade efficiency for generality. Other theo-
rem provers, FACT [Horrocks and Patel-Schneider 1998] @LiWB [Heuerding

et al. 1996], to name a few, adopt a different approach degjdnighly optimised
theorem provers for a restricted number of logics. Howelespite its generality,
the TWHBstill allows the user to experiment with different optintisa techniques.
Thus, theTWBcan be used as a test-bench to compare different approacties a
to develop new optimisation techniques. We present engpimgsults obtained by
comparing the optimisations given in this section in Secli@®.1.

7.1.3.1 Simplification

Simplification is a well known technique which helps to reeldmmoth the length
and number of branches in the proof tree (for referencesMasdacci 1998]).
Simplification is particularly useful to exploit redundagrio formulae by record-
ing inconsistencies during the proof search. The procedusenplifying ¢ with
Y is substantially a re-writing procedure employing two s&g

¢['~l/] _>simp¢/ ~—bool ¢”

In the first stage we replace all occurrences of the formulm ¢ with T; in
the second stage we eliminate the propositional conStaantd | using standard
boolean reductions. Simplification subsumes other tectesidike DPLL [Davis
and Putnam 1960], Boolean constraint propagation [Mcfdle4990] and KE
[D’Agostino and Mondadori 1994].

Since simplification is logic specific, in tHBWB the simplification procedure is
implemented as an OCaml functiosirfpl in Listing 7.8 and Listing 7.9), and
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Listing 7.8: CPL with Simplification

SIMPLIFICATION := simpl

TABLEAU
RULE Id { A} ; { " A} == Close END
RULE False Falsum == Close END

RULE And

A[B]; BI[A] ; X[A][B]
END

RULE Or
{AvB} ;X

declared by using thBIMPLIFICATION directive. Listing 7.8 shows a version
of the tableau calculus faZPL that employs simplification to reduce the search
space. The syntaa|q|, used in theAnd andOr rule in Listing 7.8, is syntactic
sugar that is translated to a call to the simplification fiorctith argumentsp
anda in Listing 7.9. The functiorboolean used in Listing 7.9 implements a
simple re-write function according to Table 7.1 (detail$ stwown).

7.1.3.2 Semantic Branching

The naive method to satisfy a disjunctignv  is to explore the branch witth
first and if this branch closes, explore the branchyioiThis is commonly referred
to as syntactic branching and is rather inefficient. If thenloh for¢ leads to a
clash, this information is lost when exploring the branchyo

Semantic branching adds¢ A ¢ to the second branch i leads to a clash.
This makes the information that is unsatisfiable explicit and possibly prunes
the search space because a tree in wiichsatisfiable is not tested again.

The drawback of semantic branching is that can add comptexuiiae to the tree
which can slow down the procedure. Empirical evidence hewstiows that the

oV —T VT —T pvVL—9 ovVo—9
—ONP— L OANT — ¢ oNL— L ONP— ¢
-1 =T -1 — L

Table 7.1 Rewrite rules.
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Listing 7.9: Simplification procedure

let rec simpl phi a =
let rec aux phi a =match a with
|[term (7 b) when b = a — term(Falsum)
[term (* b) — term ( ~ [aux phi b] )
|[term (b & ¢) —> term ( [aux phi b] & [aux phi c] )
|[term (b v c)—> term ( [aux phi b] v [aux phi c] )

| - when phi = a — term(Verum)
| - when phi = (nnf (term ( ~ a )))—> term(Falsum)
|- —> a

in
boolean (aux phi a)

benefit of semantic branching often speeds up the searclequme Moreover,
coupling semantic branching with simplification usuall§sets this drawback.

Implementing this optimisation in thEWBis trivial. The Or rule is modified as
in Listing 7.10. Since for this example, we assume that thekss use negation
normal form, it is necessary to process the formugato push the negation down
to the atoms in the usual way. TH&VBin general does not require the use of
negation normal form.

7.1.3.3 Back-jumping

Naive backtracking algorithms often explore regions ofgbarch space rediscov-
ering the same contradictions repeatedly. This phenoméankmown as thrash-
ing [Mackworth 1992]. Back-jumping is a technique to avoigtimportant re-
computations and therefore minimizing thrashing. The Haokping method
forces the visit algorithm to backtrack to the last branghpoint of the search tree
which is relevant to the failure of the current branch. Thia¢hieved by maintain-
ing anassumptions sdbr each branch which contains all formulae which have
contributed to the closure of a branch. Assumptions setthareused to avoid the
investigation of any branch which contains one of the as$iomp sets since this
branch is guaranteed to close. For an overview of theseitpegdsmand extensions
such as dependency directed back-jumping, refer to [Ded9@0; Stallman and
Sussman 1976].

Listing 7.10: Semantic Branching

RULE Or
{AvB}

A | B ; nnf_term (" A)
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Listing 7.11: Back-jumping Rules foEPL

RULE Id
{A}; {" A} == Close
BACKTRACK [ bj := addlabel (A, ™ A) ]
END
RULE Or

{AvB}

fixlabel (A) | fixlabel (B)

BRANCH [ backjumping(A,bj@l) ]
BACKTRACK [ bj := mergelabel(A, bj@all) ]
END

To implement back-jumping in thEWBwe first decorated every formula with a
list of integers. This is done by modifying the default imig representation of
formulae in the user data type libraryThen we declare a new varial¢ that
we use to record the assumptions sets of the formulae indaiva clash and a
historyldx to keep track of the index associated with the rule as follows

HISTORIES

(ldx : Int := new Singleton.set default 0);
(bj : Listlnt := new Set.set default [])

END

The only rules in theCPL calculus that require any modifications are the)-
rule and thg Or)-rule as shown in Listing 7.11. We use four OCaml functions to
handle the assumptions sets. In particular:

addlabel(formula, formula): accepts two formulae and returns the assumption
set containing the labels associated with the input foreula

fixlabel(idx, formula): accepts a formula and the index of the currgdt)-rule,
and returns the same formula adding the index of the curisjurdtion to
its assumptions set;

backjumping(idx, int list): accepts the index of the current disjunction and a
variable containing the assumptions set generated by stebfianch, and
returns true if the index associated with the current dijon is not in the
assumptions set;

mergelabel(int list list): accepts the list of all assumptions sets and returns the
union of these lists.

1in the further work (cf. Section 8.2) we outline how this steifl be lifted to the user level in the next version
of the TWBremoving the necessary low-level modifications that arestily necessary.
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Listing 7.12: Support Functions for Implementing Benchmarks.

let rec mbox t = function
[0 — t
|n — mbox (term ( Box t )) (n-1)

let rec list2disj = function
[[] — term ( Falsum )
|[[h] — h

|[h::t — term (h v [list2disj t])

let rec range lo hi =
if lo > hi then [] else lo :: range (lo+1) hi

let axiomD
let axiomT
let axiomD2
let axiomA4
let axiomB

term (Box p(0)—> Dia p(0))
term (Box p(0)—> p(0))

term (Dia Verum)

term (Box p(0)—> Box Box p(0))
term (p(0)—> Box Dia p(0))

7.1.4 Benchmarks

In this section, we give the code to implement the benchmarksented in

[Heuerding and Schwendimann 1996]. The/Boffers the possibility to easily

manipulate logical formulae and to write complex re-writedtions (cf. Sec-

tion 6.1.5). We took inspiration from tHaA/Bsyntax in an effort to make it easier
for users to adopt theWB

As an example, we give the implementation of the benchmankealk _d4 _p in
Section 6.3 in [Heuerding and Schwendimann 1996]. In Lgsfirl2 we declare
three support functions and several axioms. In particular:

mbox putsn boxes in front of the formulé;
list2disj converts the list of formulae into a disjunction of all its elements;

Listing 7.13: Implementation of the Benchmarkdd_n

let k_d4_p_aux n i = term (
[mbox axiomT n] v
“ [mbox axiomD2 i] v
“ [mbox axiomA4 i] v
~ [mbox term ( axiomA4Dia p(0)/p(0) ) i] v
~ [mbox axiomB i] v
~ [mbox term ( axiomB[™ p(0)/p(0)} ) il

let k.d4_.p n =
nnf (list2disj (List.map (kd4_p_aux n) (range 1 n)))
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range returns a list of integers ranging frolm to hi .

Listing 7.13 implements the benchmakkd4 _p using the notion of substitution
described in Section 6.1.5.

7.2 Experimental Results

In this section we first describe an empirical analysis oflemgntations of dif-
ferent provers for the logi®&4 by using several optimisation techniques described
in Section 7.1.3, and second, we compare a prover generdtetheTWBrame-
work with one from thee WB

Note. We conducted our benchmarks on the following system: Haretwen-
tium 4 (2.4 Ghz), 1GB RAM, 1GB swap space; Software: DebianUANux
0S, OCaml 3.09.2.

7.2.1 Comparing Optimization Techniques

Table 7.2 and 7.3 compare different optimizations for thgd®&4. In particular
we run our benchmarks using the following variation of theib#ableau prover.

4 is the naive tableau prover @4 as described in Section 7.1.1. The only
optimization is caching;

s4 —nocacheis ass4 but without using caching;
As is ass4 but using caching and simplification and semantic bramghin
#bj is ass4 but using caching and back-jumping and semantic branghing

HAsbj uses all the previously mentioned optimization.

Table 7.2 shows the time measurements considering the imamkitlass4 s5 as

in [Heuerding and Schwendimann 1996]. Conversely Tablsffo8vs the number
of rule applications performed during the test. It is cldattusing all optimiza-
tions pays off time-wise and by reducing the search spacsiderably. These
results show also the advantage of using simplification angarticular when
combined with back-jumping. Semantic branching, in outstesnly marginally

improved performance and therefore we did not include adest alone.

The tables presented here are just a sample of our expesrtehighlight the
potential of theTWBLto be used as a test-bench to experiment with a range of
optimization techniques. It is important to note that theoant of work involved

in implementing these optimization techniques inTW¢Bs minimal as described

in Section 7.1.3. Our results confirm those in the literatéia an analysis of these
techniques and empirical evaluation see [Hustadt and $itH@98; Hustadt and
Schmidt 2002; Heuerding and Schwendimann 1996].
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Table 7.3 S4.S5 (rules)

7.2.2 Comparison with theLWB

The TWBhas been engineered to be a generic and flexible framewdinler tdnan
to produce highly optimised theorem provers. Nonethelessimportant to com-
pare it against other well established theorem proverseSimeTWHBtself makes
few or no logic-specific assumptions, the duty to make lagieeific optimisa-
tions is left to the user.In the following, we compare H&Bwith the LWBusing
the benchmark suite presented in [Heuerding and Schwendirh896]. These
benchmarks have been re-implemented inftiéBframework (see Section 7.1.4).

Tables 7.4, 7.5 and 7.6 in this section show, for each class,rhany formulae
of each set could be solved. For each class, we generatemrallfae with com-
plexity up to 21 and we set a timeout of 100 seconds. We usedaime set of
formulae for each prover. For tHaNBwe recorded as a failed attempt to prove
a formula either if the prover timed out after 100 secondsrocertain cases, if
the prover failed with an errofror : Iwb stack too small ). In the
latter case we did not investigate the reason for such dfasithese benchmarks,
we used an optimized version of our tableau calculikoiKT and $4 that uses
simplification, semantic branching, back-jumping and aagh

The results are very encouraging. In particular, the resalfTable 7.4 show that
the TWBcan compete with theWBIin terms of pure speed for the lodic In our
tests, theeWBuUsed considerably more memory then TW¢Bor certain classes of
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class twb | lwb class twb | lwb
k_branchp 6| 15 k_branchn 41 11
k_d4p 11| 10 k_d4.n 17 6
k_dump 18| 16 k_dumn 19| 21
kgrzp 21| 17 k_grzn 21| 21
k_lin_p 21| 14 k_lin_n 21 5
k_pathp 16| 14 k_path.n 14| 12
k_ph_p 4 7 k_ph.n 6 7
k_poly_p 19| 11 k_poly_n 20| 21
k_t4p_p 21| 10 k_t4p-n 21 8

Table 7.4 Benchmarks comparing thidBVBandLWBfor modal logick

class twb | lwb class twb | lwb
kt 45 p 10 9 kt_45.n 9 8
kt_branchp 5| 15 kt_branchn 3| 11
kt_dump 17| 18 kt_dumn 14| 14
kt-md.p 41 21 kt-md.n 5 5
kt_grzp 21| 21 kt_grz.n 21| 21
kt_pathp 5| 13 kt_pathn 4| 11
kt_ph_p 4 7 kt_ph.n 5 7
kt_poly_p 3| 21 kt_poly_n 2 2
kt_tdp_p 7 7 kt_t4p_n 2 8

Table 7.5 Benchmarks comparing tiieVBandLWBfor modal logicKT

class twb | lwb class twb | lwb
s445p 8| 21 s445.n 5| 17
sd4branchp | 14| 15 s4 branchn 4| 11
s4dgrzp 21| 18 s4dgrzn 21| 21
sdipc_p 21| 21 sdipc.n 21| 21
s4amdp 8| 19 s4amdn 6 7
s4 pathp 4 8 s4 pathn 3 6
s4dphp 3 7 s4 phn 4 7
s4s5p 21| 21 s4shn 16| 21
s4tdp.p 4| 21 s4t4p.n 1| 21

Table 7.6 Benchmarks comparing tieNVBandLWBfor modal logic$4
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formulae. We also note that when caching is not usedTiN&runs by using no
more then 32MB of stack space, and virtually no heap spacéurfter work, we
plan to optimize the caching mechanism to limit memory us&@mversely Table
7.6 shows that theWRBs more efficient for the logi&4. The poor performances of
the TWBfor $4 can be attributed to the fact we do not use any further opétitn
to exploit logic-specific properties. It is left to future vkao explore this avenue.



Chapter 8

Related and Future Work

In this chapter, in Section 8.1 we compare T&Bwith other similar theorem
provers in detail. In Section 8.2, we outline ideas that wetvta explore in the
immediate future and we set a long term plan for the developwiethe TWB

8.1 Related Work

Direct provers likedlWB[Heuerding 1996]FaCT [Horrocks and Patel-Schneider
1998] orRACERHaarslev and Moller 2001] are clearly superior if they Hiarthe
sought-after logic, and tHéWB in particular, handle intuitionistic logic and a long
list of particular modal logics. But programming a new c#élsuinto the above
mentioned provers is difficult for anyone except their atshBACTis written in
C! andFACT++[Tsarkov and Horrocks 2004] is a re-implementatiofF8iCTin
C++. Both provers deal with a specific family of description lmgiThe LWBIis
written in C++. Writing a new logic module with theWB despite its modular and
particularly clean architecture, requires knowledge ®fprtogramming language
and familiarity with the intricacies of the memory managetm@odel of the un-
derlying operating system. THaVBAPI to build new logical modules has many
caveats related to the internal representation of formuteding the task of defin-
ing a new module error prone, in particular to non expert @ogners. Moreover,
modifying existing modules in theWBcan be also a daunting task considering
the number of lines of code necessary to implent&AtL and all related support
functions, 26K, or the module fdk, 6K. Additionally, theLWB by design is
tailored to implement propositional logic and would reguubstantial modifica-
tions to incorporate first order reasoning. Conversely,T8does not have such
restrictions and implementing first order logic would najuige any considerable
modifications to the proof engine (for examp®)[

Translational provers likMSPAS$Hustadt and Schmidt 2000] are equally supe-
rior to theTWHBnN terms of performance if the logic is first-order definalie &alls
into a decidable fragment like the two-variable fragmerntherguarded fragment.
MSPASSan be used with highly efficient theorem provers for firseoidgic like

1The original prototype oFACTwas written inLisp

101
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Vampire [Riazanov and Voronkov 2002] @PASS[Weidenbach et al. 2002].
Vampire has been proved to be one of the fastest provers for first-twde in
recent yearsSPASScan even handle “second-order” logics ligeandGrz by
using a non-standard translation into first-order logid thamics the traditional
tableau calculi rules for these logics. Batpriori, MSPASSloesnot provide a
decision procedure for a given decidable first-order-dbfenanodal logic. The
SCANalgorithm [Gabbay and Ohlbach 1992] for second-order diianelimina-
tion can often find first-order equivalents for many secorakprelational condi-
tions. But once again, this does natpriori lead to a decision procedure unless
the first-order equivalents fall into a decidable subsetrsf-brder logic.

Blast _tac [Paulson 1999], is alsabelle tactic to perform classical reason-
ing. It provides fairly basic facilities for designing newles, and even allows
certain rules to be marked as “un-doable” (non-invertibejt it does not allow
history mechanisms or further optimisation techniques sknplification. To be
fair, Blast _tac deliberately trades completeness for versatility sinds de-
signed to be used in an interactive setting likabelle  and “completeness is
hardly relevant to interactive proofs” [Paulson 1999].

Interactive theorem provers likeabelle  [Paulson 1993] are not directly com-
parable with theTWB Even if it is possible to potentially encode lisabelle

all logics that we can implement in tidVB we think that the overhead involved
in learning these complex theorem provers makes it moretipahcfor a non-
technical user, to adopt the TWB.

The TWBIs closest tdotrec , a generic theorem prover for non-classical log-
ics [Gasquet et al. 2005]lotrec  allows users to define logical connectives,
production rules, and a search strategy. Whiteec is based on labelled se-
mantic tableau, it departs from their traditional formidatin treating a tableau
as arooted acyclic graph, rather than as a tree, of nodes wdpcesent worlds in
the Kripke semantics and edges that represent the acdiggsidations. Nodes

in the graph are labelled with sets of formulae and edges ealal®elled with
any termslotrec  provides two types of rules: structural rules and propagati
rules. Structural rules are used to create new nodes and edtjee graph while
propagation rules are responsible for removing or addingdtae to nodes. This
separation makes it easy to implement logics with geométime proprieties.
lotrec  and theTWBhave a similar syntax for strategy definitions: both allow
users to program the order of how rules are applied.

The main difference between thBABand lotrec  is that lotrec  allows

the user toexplicitly refer to the underlying relational semantics, whereas the
TWB(currently) does not. For example, the weak-directnessidraonditions
(Yx,y, z3wXRyA xRz= xRwA yRw) for the logic S42 can be coded explicitly

in lotrec by referring explicitly to “formulae” likeR(x,y) in the rules. In the
TWABit must be coded implicitly using a particular form of cut arpsr-formulae
[Goré 1999]. Thudotrec is biased towards semantics while fi¢/Bis biased
towards proof theory.
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In fact thelotrec  execution model is different from that of tH&VB lotrec
uses a global data structure to store the reachabilityioalawhile in theTWHBit is
implicit and global data structure (such as histories) ardgrolled by the user.

8.2 Future Work

In this dissertation, we described the stable version offth(August 2006). A
new version is in preparation. We now give an overview of ttgamchanges we
are working on, as well as a number of ideas for future rekease

8.2.1 Short Term Improvements

The development version is mainly geared to makeTttéBmore modular, by
decoupling any specific implementation from the core viecedieed modules.
This strict separation of concerns will transform fRé&/Binto a generic platform
to develop arbitrary theorem provers.

The stable version of thEWBhas been engineered to implement tableau based
theorem provers. Consequently, the strategy and the vigitufe in the core li-
brary are tied to the idea of building a tree using a recuraigerithm and using

the strategy to guide the exploration of the search tree.

New releases of th@WBwill remove this restriction in order to implement
other decision procedures, such as resolution procedsegsgent calculi (in this
case only minor modifications to the actual algorithm willriexessary), hyper-
sequents, etc. In Figure 8.1 we show a diagram with the nelitacture. Two
main modifications to the actual architecture are needed.

First, the core will be transformed into an empty shell coite only generic data
types and the definition of the overall architecture. Eadver type will be de-

fined in terms of this generic architecture and contain tieeifip implementation

(in terms of Object Oriented Programming, we can think ofdbee as a generic
interface and of each prover as the implementation of tihésfece).

Second, we need to abstract the basic type system. At the mpbesic data
types are declared in the user data type library. This isrfan foptimal as to add
a new basic type such as a new type constructor to represdiitnmagal logics,

it is necessary to recompile the entire library. The newigersvill remove this
problem by shifting the data type declaration to the logiduoies and transform
the user data type library into a collection of generic coris such as lists, sets,
ordered sets, etc. which the experienced user can use torbaile complex ones.
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Figure 8.1 TWBdevelopment version architecture.

8.2.2 Long Term Improvements
8.2.2.1 Alternative formalisms

The TWBprovides a generic platform to develop different theorewvers. At

present, mainly due to time constraints, we only implengthe syntax and ma-
chinery to design standard tableau calculi. However, theedwo natural exten-
sions that can be implemented within the/Bwith only minimal modifications:

labelled tableaux and sequents.

Labelled tableau will necessitate the introduction of eiddal, external and global
data structures. It would be even possible, for exampleintalate thelotrec
algorithm [Castilho et al. 1997]. Sequent calculi will réguno major modifica-
tions apart for a new syntax to write rules in sequent style.

The TWBramework could also be used in principle to experiment wégolution
techniques. This avenue would, of course, require us t@aritomplete new visit
function that operated iteratively instead of recursivelyd to use th@WBin a
radically different way. It should also be possible to impéntDPLL/Davis—
Putnam- Logemann- Lovelandalgorithms.

8.2.2.2 Strategy

The strategy language and visit algorithm in the stableimersf the TWBdoes
not allow us to define a decision procedure where all choicesdon’t know”
non-deterministic in an intuitive way. For example, it ig possible to declare all
CPL rules as non invertible and generate all possible derwatees. While this
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is not a problem in classical logic, it becomes a restrictidren implementing
non-classical logics where two rules are non-invertible.

For example, if we consider tableau-sequent calculi iimtiistic logics, there
are two avenues to solve this problem. Firstly, it is possibl replace all non-
invertible rules with one new rule: this will often serve therpose, but at the
expense of modularity and clarity. During the developméithe TWB several
Honours students used th&/Bo implement such logics. We came to the conclu-
sion that this approach has too many drawbacks. In partithiapproach, while
handling logics with more than one invertible rule that ustdnies and variables,
poses an unnecessary burden on the user and complicatesptleenientation of
the logic considerably.

The second solution to this problem is to introduce a conwidi alternation oper-
ator. The current alternation operator fails if the ruleas applicable. This type
of failure is local. In order to determine if a successfuerapplication generates a
“successful” sub-tree, we need to take into account a moteaghotion of failure.

We say that a tactic failecally if no rules are applicable to a nodeA tactic fails
globally if the tactic does not fail locally, but the proof tree gertedaby applying
the tactic to node does not respect a logic-specific condition (for examplehef
tableau did not close after a certain number of steps). Aitiondl alternation
tactict, written as(t; | ¢ | t2), fails if both tactict; andt, fail locally, or if t; ort;

fail globally with respect to the condition

Conversely, implementing multi-modal logics should najuiee any major mod-
ifications to the engine. For example, to implement the nbmudal logic with

two diamond,Dial andDia2 is only necessary to “compose” the individuél

rules for each modality with the following rule:

RULE Compose
Dial Al ; Dia2 A2 ; Boxl X1 ; Box2 X2

Dial Al ; Boxl X1 || Dia2 A2 ; Box2 X2

COND [ not.emptylist (Dial Al) ; notemptylist (Dia2 A2) ]
END

Then the strategy for the product logic will simply be asduals, whereK1 and
K2 are two instances of th&)-rule as defined in Section 6.1.3.

let saturate = tactic ( (IdFalse|And|Or)x )
STRATEGY ( saturate ; Composeé (K1 | K2) )x

It is left to further work how to handle an arbitrary numbemaddalities.

A other possible improvement to the strategy module is torahtlee actual defi-
nition of the MState monad to use the Call/cc operator etlylimstead of hiding
this operation within the visit function. This will enhanogodularity and make
the code more elegant and maintainable.
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Figure 8.2 TWB2.0 Gui Prototype Screenshot

8.2.2.3 Graphical User Interface for theTV\B

The TWBinterface is command line based. It allows the user to egploe proof
tree trace, but it is too simple to be truly effective in asatyg the proof tree. To
take theTWB*mainstream” and therefore make it really easy for non-téc
people to use, we envision three components:

Web interface: Different well established theorem provers offer a simpkbw
interface to run the prover without going to the trouble attatling any soft-
ware. We conducted preliminary studies to build a user fater which is
possible to run via the Firefox web browégbased on the XUL language
[Deakin 2006]. Such an interface will allow the user to seselogic module
and to prove logical formulae. The interface should alswigefacilities to
explore the proof tree interactively and to extract countedels.

Proof Tree Viewer: One key characteristic of the tableau method is its user
friendliness in terms of the possibility of exploring thélau tree. Inter-
active proof editors have facilities to explore the derattree. However,
when the tree becomes too wide (as with EXPTIME temporatk)g naive

Zhttp:/Awww.mozilla.com/firefox/
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approach makes such tools unusable. We are working on aypetto ex-
plore a proof tree interactively via the web. Figure 8.2 shasnapshot of
an early prototype of the proof tree viewer (no longer awddn

By using a client-server architecture we can decouple therg¢ion of the

proof tree (carried out by theWB with its display. Since displaying the
whole tree at once is not feasible or useful if the tree is tgp the user

will have the possibility of selecting the sub-tree to foausand to apply

different filters to isolate only relevant information: fexample, to show
only transitional rule applications. The tree viewer widl mtegrated with

the web interface, possibly as a Firefox extension

Model Viewer: The possibility of generating a counter-model is also a wery
portant characteristic of the tableau method. Apart fromtédchnicalities
involved in generating a counter-model from an open tableadisplay the
model and to correctly represent the graph is a challengiolglegm in itself
involving graph theory and graph visualization. Ideallye would like to
provide a way to overlay the model over the proof tree, hidgind showing
different components and having the possibility of zoormangifferent lev-
els: for example, at the lower zoom resolution, only the nhed#é atoms
that are true or false at every world will be displayed, anithatighest level
of zoom, it would be possible to visualize each formula asdl#&composi-
tion in the tableau. We did not realize any prototype of thisdtcomponent.

Shttps://addons.mozilla.org/firefox/extensions/
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Listing 8.1: CPL tableau rules

CONNECTIVES
Dimp, " <>" | Two,
And, " & " , One;
Or, "v" , One;
Imp, " ->" , One;
Not, "™ " , Zero;

Falsum, Const;
Verum, Const

END

TABLEAU
RULE Id { A} ; { " A} == Close END
RULE False Falsum == Close END

RULE And { A& B } == ; B END
RULE Or { AvB } ==A | BEND
END
PP := Pclib.nnf
NEG := Pclib.neg
STRATEGY (Id|False|And|Or)x

111
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Listing 8.2: PC nnf procedure

let rec nnf = function
|[term (a &b )—> term ( [nnf a] & [nnf b] )
|[term (" (a&b) )—>
term ( [ nnf term ( © a )] v [nnf term ( " b )] )

|[term (a v b )— term ([nnf a] v [nnf b])
|[term (" (avb))—>
term ( [ nnf term ( 7 a )] & [nnf term ( 7 b )] )

|[term ( a<—>b ) —>
term ( [nnf term ( a—> b )] &
[nnf term ( b—> a )] )
[term (" (a<—>Db ) ) —>
term ( [nnf term ( © (a—> b) )] v
[nnf term ( 7 (b—> a) )] )

|[term (a—> b ) — nnf term ( (T a) v b )
|[term (7 (a—> b) ) — nnf term ( a & (T b) )
|[term ( ~ " a )—> nnf a

|[term ( ~ Atom ) as f — f
|term ( Atom ) as f — f

|term (Verum)—> term (Verum)

|term (Falsum)—> term (Falsum)
|[term (7 Verum)—> term (Falsum)
|[term (7 Falsum)—> term (Verum)

|f — failwith (Printf.sprintf "nnf:%s" (Twblib.sof(f)))
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Listing 8.3: Backjumping Functions.

let

let

let

let

let

let

inc (idx) = idx + 1

rec uniq = function

I — 1l
|[h::t — h:: unig (List.filter (fun x — not(x = h)) t)

addlabel (tl1,tl2) =
match List.hd tl1 ,List.hd tl2 with
| ‘LabeledFormula(ll,tl),‘LabeledFormula(l2,t2)>
uniq (11@12)
| . —> failwith "backjumping"

fixlabel (idx,tl) =

match List.hd tl with

| ‘LabeledFormula(l,t)—> [‘LabeledFormula(idx::1,t)]
| . —> failwith “fixlabel"

backjumping (idx,intlist) = List.mem idx intlist ;;

mergelabel (intll , status) =
if status ="Open"” then [] else uniq(List.flatten intll)
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Listing 8.4: PLTL support Funtions.

let push (xa,xb,z,ev,br) =
let set = (hew Set.set)#addlist (xa@xb@z)
in br#add (set, ev)

let termfalse = ‘Formula ( term ( Falsum ))
let setclose () = few Set.set)#add termfalse
let setclosen br = br#length

let beta (uevl, uev2, nl, n2, br) =
let m = (br#length— 1) in
if uevl#isempty || uev2#isempty then (new Set.set)
else if (List.hd uev2#elements) = termfalséhen uevl
else if (List.hd uevl#elements) = termfalséhen uev2
else if n1 > m&% n2 > m then (new Set.set)#add termfalse
else if n1 <= mé&& n2 > m then uevl
else if n1 > m&% n2 <= m then uev2
else uevl#intersect uev2

let rec index n s | =
if List.length | > 0 then
if s#is_.equal (List.nth | n)then n
else
if n< ((List.length I)— 1)
then index (n+1) s |
else failwith "index: _core _not _found"
else failwith "index: _list _empty"
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Listing 8.5: PLTL support Funtions.

let loop_.check (xa,xb,z,br) =

let (brl, br2) = List.split br#elementsin
let set = (hew Set.set)#addlist (xa@xb@z)n
List.exists (fun s —> set#isequal s) brl

let setuev (xa,xb,z,ev,br) =
let (brl, br2) = List.split br#elementsin
let set = (hew Set.set)#addlist (xa@xb@z)n
let i = index 0 set brlin
let rec buildset counter bl acc =
if counter< ((List.length bl)— 1) then

let bl_.i = (List.nth bl counter)in
buildset (counter+1) bl (acc@ (hi#elements))
else acc
in
let loopset = ((ev#elements) @ (buildset (i+1) br2 [])in
let uev =
set#filter (function
| ‘Formula term ( X ( ¢ Und ) )—>
not(List.mem (‘Formula d) loopset)
| . — false
)
in
uev

let setn (xa,xb,z,br) =
let (brl1, br2) = List.split br#elementsin
let set = (hew Set.set)#addlist (xa@xb@z)
in index 0 set brl
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Listing 8.6: Tableau for the logic UB

CONNECTIVES
Dimp, " <->" | Two;
And, " & " , One;
Or, "v." , One;
Imp, " -> " , One,
ExX, "ExX_" , One;
AxX, "AxX_" , One;
ExG, "ExG_" , One;
ExF, "ExF " , One;
AxG, "AxG_" , One;
AXF, "AxF " , One;
Not, " " Zero;

Falsum, Const;
Verum, Const

END
HISTORIES
(Fev : Setof Formula :=new Set.set) ;
(Br : List of ( Set of Formula « Set of Formula )
= new Listoftupleset.listobj) ;
(uev : Setof ( Formula x Int ) := new Setoftermint.set) ;
(fev : Set of ( Formula x Int ) := new Setoftermint.set) ;
(status : String :=new Set.set)
END

open UbFunctions

open UbRewrite

TABLEAU
RULE Id
{A} ;{7 A} == Stop
BACKTRACK [ uev setclose (Br) ]

END
RULE False
Falsum == Stop
BACKTRACK [ uev := setclose (Br) ]
END
RULE Axf
{ AxF P }
P ||| AXX AxF P

ACTION [ [ Fev := add(AxF P, Fev) 1; 1[I 1

BRANCH [ [ not_empty (uev@l) ] ]

BACKTRACK [ uev := setuevbeta(uev@l, uev@2, Br) ]
END
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Listing 8.7: Tableau for the logic UB

RULE Exf
{ ExF P}

P ||| ExX EXF P

ACTION [ [ Fev := add(ExF P, Fev) ] ; [1 1]

BRANCH [ [ not_empty (uev@l) ] ]

BACKTRACK [ uev := setuevbeta(uev@l, uev@2, Br) ]
END

RULE Exx
{EXXP} ; EXXS ; AXXY ; Z

P ;Y ||]] EXXS ; AXX Y

COND [ loop.check(P, Y, Br) ]

ACTION [ [
Br := push(P, Y, Fev, Br);
Fev := emptyset(Fev)

1 011

BRANCH [ [ not_false (uev@l) ; notempty_list(ExX S) ] ]
BACKTRACK [ uev := setuevpi(uev@l, uev@2, Br) ]

END (cache)

RULE D

ExX X ; {AXX P} == ExX Verum ; AxX P
COND [ is_empty_list (ExX X) ]

END

RULE Loop

ExX X ; AXX Y == Stop

COND [ not_empty_list (ExX X) ]

BACKTRACK [ uev := setuevloop (X, Y, Fev, Br) ]
END

RULE Or

Alll B

BRANCH [ [ not_empty (uev@1l) ] ]

BACKTRACK [ uev := setuevbeta(uev@l, uev@2, Br) ]
END
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Listing 8.8: Tableau for the logic UB

RULE And A & B == ; B END

RULE Axg AXG P == ; AXX AXG P END
; ExX ExG P END

RULE Exg ExG P ==
END

let exit (uev) =
match uev#elementswith
|[(termfalse . )::[] —> "Closed"
[[] —> "Open"
| - — "Closed"

PP := nnfterm
NEG := negterm
EXIT := exit (uev@l)

let saturation = tactic (
(Id | False | And | Axg |

STRATEGY ( (modal | Loop)x )

Exg | Or | Axf
let modal = tactic ( ( saturation| D | Exx )x )

Exf )x )
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